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AFFINE CONNECTIONS
ON 3-SASAKIAN HOMOGENEOUS MANIFOLDS
CRISTINA DRAPER†, FRANCISCO J. PALOMO, AND MIGUEL ORTEGA⋆
Abstract. The space of invariant affine connections on every 3-Sasakian homogeneous man-
ifold of dimension at least 7 is described. In particular, the subspaces of invariant affine
metric connections, and the subclass with skew-torsion, are also determined. To this aim, an
explicit construction of all 3-Sasakian homogeneous manifolds is exhibited. It is shown that
the 3-Sasakian homogeneous manifolds which admit nontrivial Einstein with skew-torsion
invariant affine connections are those of dimension 7, that is, S7, RP 7 and the Aloff-Wallach
space W71,1. On S
7 and RP 7, the set of such connections is bijective to two copies of the
conformal linear transformation group of the Euclidean space, while it is strictly bigger on
W71,1. The set of invariant connections with skew-torsion whose Ricci tensor satisfies that
its eigenspaces are the canonical vertical and horizontal distributions, is fully described on
3-Sasakian homogeneous manifolds. An affine connection satisfying these conditions is distin-
guished, by parallelizing all the Reeb vector fields associated with the 3-Sasakian structure,
which is also Einstein with skew-torsion on the 7-dimensional examples. The invariant met-
ric affine connections on 3-Sasakian homogeneous manifolds with parallel skew-torsion have
been found. Finally, some results have been adapted to the non-homogeneous setting.
Keywords: 3-Sasakian homogeneous manifolds and invariant affine connections and Rie-
mann-Cartan manifolds and Einstein with skew-torsion connections and Ricci tensor and
parallel skew-torsion and compact simple Lie algebra.
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1. Introduction
Almost contact metric structures on (2n + 1)-dimensional (smooth) manifolds may be re-
garded as an analogue of Hermitian structures for odd dimensional manifolds. Recall that,
for every almost contact metric structure on a (2n + 1)-dimensional manifold, there exists a
general method, the cone construction, which permits to obtain a (2n+ 2)-manifold endowed
with an Hermitian structure. Of course, the family of differentiable manifolds with Hermitian
structures is wider than the set of Kähler manifolds. In this setting, the following natural
question raised. When does the cone construction produce a Kähler manifold? This very spe-
cial kind of almost contact metric structure is now known as a Sasakian manifold in honour to
the Japanese geometer Shigeo Sasaki, who introduced it in 1960. An extensive and complete
study of Sasakian manifolds and related topics can be found in the excellent monograph [10].
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In the late sixties, the new notion of the 3-Sasakian manifold was introduced as a (4n+3)-
dimensional manifold with a family of Sasakian structures parametrized by points on the 2-
dimensional unit sphere S2 and satisfying several compatibility conditions (Section 2). Every
3-Sasakian manifoldM carries 3-orthonormal Killing vector fields which span, at every tangent
vector space toM , a copy of the Lie algebra sp(1), and therefore a 3-dimensional foliation FQ.
Under the assumption that FQ is regular, the space of leaves M/FQ inherits a hyper-Kähler
structure with positive scalar curvature, [31]. That is, M/FQ is endowed with a suitable
family of integrable complex structures which satisfy the quaternionic identities (see details
in [10, Chapter 13]). The relationship with hyper-Kähler structures goes in two ways. In fact,
in this setting, starting now with a 3-Sasakian manifold, the cone construction produces a
hyper-Kähler structure.
From 1970 to 1975, the study of 3-Sasakian geometry was mainly investigated by the Japan-
ese school. In 1971, a remarkable property for our objectives was achieved: every 3-Sasakian
manifold is an Einstein space with positive scalar curvature, [34]. Despite of that particularly
relevant result and others, in Boyer and Galicki’s words, “1975 seems to be the year when
3-Sasakian manifolds are relegated to an almost complete obscurity which lasted for about 15
years... The authors [Boyer and Galicki] have puzzled over this phenomenon without any
sound explanation” [10, Chapter 13]. Anyway, at the beginning of the nineties, a renewed in-
terest in 3-Sasakian geometry arose in several areas. Let us briefly recall some examples which
supported this growing interest. The existence of two different Einstein metrics on 3-Sasakian
manifolds was obtained in [11], but only one is 3-Sasakian. In the 7-dimensional case, both
Einstein metrics have G2 weak holonomy. Moreover, for 7-dimensional Riemannian manifolds,
the existence of three Killing spinors is equivalent to the existence of a 3-Sasakian structure,
[28]. Bearing in mind that cones over 3-Sasakian manifolds produce Calabi-Yau manifolds,
recent developments on 3-Sasakian geometry also include the Yang-Mills equations on cones
over 3-Sasakian manifolds ([29] and references therein). Finally, in the study of the control
system of a n-dimensional Riemannian manifold M rolling on the sphere Sn, without twisting
or slipping, and under certain assumption, the manifold M can be endowed with a 3-Sasakian
structure, [17]. Several generalizations of 3-Sasakian structures have been recently studied,
as the 3-(α, δ)-Sasaki manifolds, [5], which are 3-Sasakian manifolds when α = δ = 1, or the
3-quasi-Sasakian manifolds [14]. In general lines, they deal with geometric structures which
are less rigid than the 3-Sasakian ones, which permits to clarify some geometrical properties
of the 3-Sasakian manifolds.
We should recall a key difference between Sasakian and 3-Sasakian manifolds. Indeed, every
Sasakian manifold admits a unique metric connection with totally skew-symmetric torsion
such that all the tensors involved in the Sasakian structure are parallel, [26] (see Remark 2.2).
Needless to say, this is not the case for a 3-Sasakian manifold M4n+3. In fact, for every
τ ∈ S2, the corresponding Sasakian structure on M admits such connection ∇chτ , but they do
not coincide for different values of the parameter τ ∈ S2. Therefore, the 3-Sasakian structure
is not parallel for any metric connection with skew torsion. Thus, it is natural to ask whether
there is a best affine metric connection on a 3-Sasakian manifold. This question in a general
setting was posed by Cartan in 1924, [15], to look for a connection adapted to the geometry
of the space under consideration.
In this paper, we will focus on the existence (or not) of remarkable affine connections on
3-Sasakian manifolds. A specially interesting case is to look for affine metric connections with
skew torsion. In fact, these affine connections share geodesics with the Levi-Civita connection.
The nice survey [1] includes both Mathematical and Physical motivations, as well as a wide
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variety of examples of affine metric connections with torsion. From our approach, among all
the affine metric connections with skew torsion, the nicest choice has been proposed in [2] in
the following terms. A triple (M,g,∇), where g is a Riemannian metric and ∇ is a metric
affine connection with skew torsion, is said to be Einstein with skew torsion whenever
Sym(Ric∇) =
s∇
dimM
g,
where Sym(Ric∇) denotes the symmetric part of the Ricci tensor and s∇ is the scalar curvature
of ∇ (Section 2). Clearly, this notion is a wide generalization of the usual Einstein spaces.
The main purpose of this paper is to determine when there are metric affine connections
∇ on a 3-Sasakian manifold M such that, with the underlying Riemannian metric g, the
triple (M,g,∇) is Einstein with skew torsion. To face this problem, we will pay attention
to invariant metric affine connections on 3-Sasakian homogeneous manifolds. At this point,
it is a remarkable fact that every (4n + 3)-dimensional compact regular 3-Sasakian manifold
with n < 4 is homogeneous. Moreover, it has been conjectured that every regular 3-Sasakian
manifold must be homogeneous, [10, p. 498].
The classification of 3-Sasakian homogeneous manifolds (see details in [10, Theorems 13.4.6
and 13.4.7]) shows four families and five exceptional cases, as follows
Sp(n+1)
Sp(n) ,
Sp(n+1)
Sp(n)×Z2
, SU(m)
S(U(m−2)×U(1)) ,
SO(k)
SO(k−4)×Sp(1) ,
G2
Sp(1) ,
F4
Sp(3) ,
E6
SU(6) ,
E7
Spin(12) ,
E8
E7
,
for n ≥ 0, m ≥ 3 and k ≥ 7. In particular, there is a one-to-one correspondence between com-
pact simple Lie algebras and simply-connected 3-Sasakian homogeneous manifolds. In some
sense, 3-Sasakian geometry seems to be an interesting geometric point of view to approach
the compact simple Lie algebras, specially the exceptional ones.
Taking into account that every 3-Sasakian homogeneous manifold M = G/H admits a
reductive decomposition (though not naturally), the space of invariant affine connections on
M can be described in algebraical terms. In fact, in the classical paper [39], starting from a
fixed reductive decomposition g = h⊕m of the Lie algebra g of G, Katsumi Nomizu established
a very fruitful one-to-one correspondence between the set of all invariant connections on M
and the set of all bilinear functions α on m with values in m which are invariant by Ad(H).
We will extensively use this correspondence for our purposes.
The paper is organized as follows. Section 2 is devoted to introducing the basic definitions
and properties of 3-Sasakian manifolds in order to fix the notations. This section is mainly
indebted to [10, Chapter 13]. In particular, we have adopted the very geometric definition
of 3-Sasakian structure S = {ξτ , ητ , ϕτ}τ∈S2 as in [10, Definition 13.1.8], where S is a family
of Sasakian structures parametrized on the points of the 2-dimensional sphere S2. Thus, the
compatibility conditions on the family of Sasakian structures reduce to the following
g(ξτ , ξτ ′) = τ · τ
′ and [ξτ , ξ
′
τ ] = 2ξτ×τ ′ ,
where “ ·” and “×” are the standard inner and cross products in R3. This section also includes
the statement of the classification theorem for 3-Sasakian homogeneous manifolds (Theo-
rem 2.1) and several basic facts on Riemann-Cartan manifolds and Einstein with skew torsion
connections. Riemann-Cartan manifolds can be seen as a generalization of the Riemann
manifolds where the Levi-Civita connection is replaced with a metric affine connection with
nonvanishing torsion tensor, in general.
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Section 3 continues to give the necessary background, since we have tried to keep the paper
as self-contained as possible. Nomizu’s Theorem on invariant connections on homogeneous
reductive spaces is stated in the way that we will use it (Theorem 3.1). Several sets of invariant
connections are algebraically characterized. We have enclosed a technical but powerful lemma,
which allows us to properly handle covariant derivatives with respect to invariant connections;
and several ad hoc algebraical lemmata, in order to compute later the dimensions of the
different spaces of invariant connections we are interested in.
Section 4 is, in a sense, a Lie-algebraic look at the classification by Boyer-Galicki, which
is used for applying Nomizu’s Theorem to any 3-Sasakian homogeneous manifold. In Theo-
rem 4.2, we exhibit an explicit and complete construction of all the 3-Sasakian homogeneous
manifolds M = G/H in a unified way. As far as we know, this construction was not available
in the literature. In particular, the Riemannian metric g and the multiplication map αg corre-
sponding to the Levi-Civita connection via Nomizu’s Theorem are given. Up to a factor, the
explicit description of the metrics on 3-Sasakian manifolds was given in [9] (see Remark 4.3).
The reductive decompositions g = h⊕m are studied in order to determine the number of free
parameters involved in the spaces of invariant connections, metric invariant connections and
metric with skew torsion invariant connections, because these numbers coincide, respectively,
with the dimensions of the following spaces of h-module homomorphisms
Homh(m⊗m,m), Homh(m,m ∧m), Homh(∧
3m,R),
when H is connected. Since they are computed by complexification, it is necessary to know in
detail the decomposition of the hC-module mC as a sum of irreducible submodules, in each case.
It is a remarkable fact that these dimensions do not depend on the particular choice of the
invariant metric. In particular, these computations can be applied to every canonical variation
along the fibers of the metric g on each 3-Sasakian homogeneous manifold. Next, we describe
all 3-Sasakian homogeneous manifolds case-by-case, in order to compute the dimensions of
the related sets of homomorphisms. A surprising fact on these vector spaces happens: except
for the family SU(m)/S(U(m− 2)×U(1)), and for dimension at least 7, these dimensions are
always the same,
dimHomh(m ⊗m,m) = 63, dimHomh(m,m ∧m) = 30, dimHomh(∧
3m,R) = 10.
That is, these numbers do not depend on the concrete example we are dealing with. This
observation was one of the seminal ideas for this paper. In fact, at the beginning, we were
only interested in the family of spheres S4n+3 = Sp(n + 1)/Sp(n) and we realized that for
S
7 and G2/Sp(1) the numbers 63, 30 and 10 were the same, [8, 24]. This feature made us
think that the 3-Sasakian structure was behind this numerical coincidence. Then, we found
that several remarkable algebraical properties of the reductive decompositions g = h⊕ m are
common for all 3-Sasakian homogeneous manifolds (see Eqs. (13) and (14), with Remark 4.17).
Section 4 finishes by analysing the remaining family, G = SU(m) with m ≥ 3, and we found
that
dimHomh(m ⊗m,m) = 99, dimHomh(m,m ∧m) = 45, dimHomh(∧
3m,R) = 13.
Thus, the exceptional cases now are the manifolds in the family SU(m)/S(U(m− 2)×U(1)).
The concrete computations made to determine the pieces of mC (Section 4.5) shed light on
the new invariant torsion tensors.
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Next, the main aim of Section 5 is to read the above computations from a more geometrical
point of view, and obtain further consequences on different types of invariant metric connec-
tions with skew torsion. Section 5.1 provides explicit expressions for all the invariant metric
connections with skew torsion on 3-Sasakian homogeneous manifolds in Corollary 5.3. We
study Einstein connections with skew torsion in Section 5.2. By means of Proposition 5.4,
where we compute the symmetric part of the Ricci tensor, we obtain our main result (Theo-
rem 5.5), namely,
Let M = G/H be a (4n + 3)-dimensional 3-Sasakian homogeneous manifold
(n 6= 0). Assume that M admits an invariant metric connection ∇ such that
(M,g,∇) is Einstein with nonzero skew torsion. Then n = 1, that is, either
M = S7, or M = RP 7, or M is the Aloff-Wallach space W71,1 = SU(3)/U(1)
[7]. Moreover, for S7 (and RP 7), the set of such connections is parametrized
by two copies of the conformal linear transformation group of the Euclidean
space, while for W71,1, by (the bigger set of) two copies of nonzero elements in{
(c,B) ∈ R3 ×M3(R) : BB
t + cct ∈ RI3, c
tB = 0
}
.
As far as we know, there are no precedents in the literature of homogeneous manifolds in
which the set of Einstein connections with skew torsion is so big and structured.
As already pointed out, the Levi-Civita connection ∇g is not adapted to the 3-Sasakian
structure in the sense that ∇gξτ 6= 0 for all the Reeb vector fields ξτ . Besides, the 3-Sasakian
structure is not parallel for any metric connection with skew torsion. Then we look in Sec-
tion 5.5 for a nontrivial invariant affine connection ∇ (that is, ∇ has nonvanishing torsion
tensor), Einstein with skew torsion and such that the Reeb vector fields are ∇-parallel. We
show in Theorem 5.14 that there exists a well-adapted one.
Let M be a (4n+3)-dimensional 3-Sasakian manifold (n 6= 0) with Reeb vector
fields {ξτ}τ∈S2 . Then, there exists an affine connection ∇
S on M such that
∇Sξτ = 0 for any τ , with skew torsion given by
ω
∇S
= η1 ∧ dη1 + η2 ∧ dη2 + η3 ∧ dη3 + 4η1 ∧ η2 ∧ η3.
Here ηk = g(ξk,−), for {ξk}k=1,2,3 an orthonormal basis of Reeb vector fields with [ξ1, ξ2] =
2ξ3.
Moreover, if n = 1, then (M,g,∇S) is Einstein with skew torsion; and when
M is homogeneous, such affine connection is unique among the invariant ones.
The affine connection ∇S is not Einstein with skew torsion for n > 1, but it has interesting
properties. In fact, its Ricci tensor is always symmetric and satisfies
Ric∇ = α g + β
3∑
k=1
ηk ⊗ ηk
for α, β ∈ R. Recall the following definition [10, Definition 11.1.1]: A contact metric structure
{ξ, η, ϕ, g} on M is said η-Einstein if there are constants α, β such that Ricg = αg + βη ⊗ η.
Observe that the Ricci tensors of the Robertson-Walker metrics satisfy a similar property [40,
12.10]. In addition, a similar condition was considered for real hypersurfaces in complex space
forms in [16], [32], [35] and [38], and for real hypersurfaces in quaternionic space forms in
[37] and [41]. Motivated for these properties, we introduce in Section 5.4 the notion of S-
Einstein affine connection on a manifold with a 3-Sasakian structure S. In order to find these
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connections, we first find out when the Ricci tensor is symmetric in Corollary 5.11, and then,
in Theorem 5.13, we describe with precision the set of S-Einstein invariant affine connections
on any 3-Sasakian homogeneous manifold. As a consequence of Theorem 5.13, any 3-Sasakian
manifold (without conditions on the dimension ≥ 7) possesses a great amount of S-Einstein
connections, being ∇S distinguished among them.
Finally, Section 5.6 is devoted to finding the connections with parallel skew torsion. For
a metric affine connection ∇ with totally skew-symmetric torsion T , the condition ∇T = 0
provides remarkable properties on the curvature and Ricci tensors of ∇ [1, Appendix A]. For
example, the curvature tensor is pair symmetric and satisfies the second Bianchi identity,
similarly to the well-known case of the Levi-Civita connection. From a physical point of view,
∇T = 0 simplifies the equations of superstring theory (see [1] and references therein). It is
interesting to point out the recent study of the local structure of Riemannian manifolds with
nonvanishing parallel skew torsion in [19]. Our main result concerning parallel skew torsion is
Theorem 5.20.
Let M be a (4n + 3)-dimensional 3-Sasakian homogeneous manifold (n ≥ 1).
The only invariant metric connections with parallel skew torsion are the Levi-
Civita connection, the family of the characteristic connections ∇chτ of each
Sasakian structure {ξτ , ητ , ϕτ}, τ ∈ S
2 (Remark 2.2), the canonical connection
∇c of the 3-Sasakian manifold (Remark 5.8 iv)), and certain family parame-
trized by RP 2. The last family only appears when n = 1.
2. Set up
All the manifolds, maps, tensor fields, etc, are assumed to be smooth. Let us briefly recall
the basic notions on 3-Sasakian geometry in order to fix some notations. This section is
indebted to [10, Chapter 13].
Among the alternative definitions of Sasakian structure, we take the following one. Let
(M,g) be a Riemannian manifold with Levi-Civita connection ∇g. The triple S = {ξ, η, ϕ}
is called a Sasakian structure on (M,g) when ξ ∈ X(M) is a unit Killing vector field, ϕ is
the endomorphism field given by ϕ(X) = −∇gXξ for all X ∈ X(M), η is the 1-form on M
metrically equivalent to ξ, i.e., η(X) = g(X, ξ), and the following condition is satisfied
(∇gXϕ)(Y ) = g(X,Y )ξ − η(Y )X
for X,Y ∈ X(M). The vector field ξ and the 1-form η are called the Reeb vector field
and the characteristic 1-form of the Sasakian structure, respectively. A Sasakian manifold
is a Riemannian manifold (M,g) endowed with a fixed Sasakian structure S. The following
consequences of the definition allow to handle properly Sasakian manifolds (see details in [10]),
ϕ2 = −id + η ⊗ ξ, g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), ϕ(ξ) = 0, η(ϕ) = 0,
g(X,ϕ(Y )) + g(ϕ(X), Y ) = 0, dη(X,Y ) = 2g(X,ϕ(Y )),
for all X,Y ∈ X(M).1
A 3-Sasakian structure on (M,g) will be a family of Sasakian structures S = {ξτ , ητ , ϕτ}τ∈S2
on (M,g) parametrized by points τ ∈ S2 on the 2-dimensional unit sphere and such that, for
τ, τ ′ ∈ S2, the following compatibility conditions hold
(1) g(ξτ , ξτ ′) = τ · τ
′ and [ξτ , ξτ ′ ] = 2ξτ×τ ′ ,
1Our convention is dη(X,Y ) = X(η(Y ))− Y (η(X))− η([X, Y ]).
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where “ ·” and “×” are the standard inner and cross products in R3, and we extend the Reeb
vector fields from S2 to R3 by linearity. The compatibility conditions imply, for all τ, τ ′ ∈ S2,
ϕτ ◦ ϕτ ′ − ητ ′ ⊗ ξτ = ϕτ×τ ′ − (τ · τ
′)id,
ϕτ (ξτ ′) = ξτ×τ ′ , ητ ◦ ϕτ ′ = ητ×τ ′ .
In order to construct a 3-Sasakian structure on a Riemannian manifold (M,g), we need only
to fix three Sasakian structures Sk = {ξk, ηk, ϕk}, for k = 1, 2, 3, such that g(ξi, ξj) = δij
and [ξi, ξj ] = 2ǫijkξk (here ǫijk denotes the sign of the permutation). In fact, it is an easy
matter to extend the Reeb vector fields to the whole sphere S2 by means of the formula
ξv =
∑3
k=1 vkξk for v = (v1, v2, v3)
t ∈ S2. Throughout this text, we will call 3-Sasakian
structure both to S = {Sτ}τ∈S2 and to {Sk}k=1,2,3. The 3-dimensional fundamental foliation
FQ is generated by the Reeb vector fields {ξτ}τ∈S2 and the distribution Q = F
⊥
Q is called the
quaternionic distribution of M . They are also well-known as the vertical distribution Q⊥ and
the horizontal distribution Q.
A remarkable result stated by Kashiwada (cf. [34]) shows that every 3-Sasakian manifold
of dimension 4n + 3 is Einstein, with Ricci tensor satisfying Ricg = 2(2n + 1)g.
Given (M,g, S) a 3-Sasakian manifold, the automorphism group Aut(M,g, S) is given by
Aut(M,g, S) =
⋂
τ∈S2
Aut(M,g, Sτ ),
where Aut(M,g, Sτ ) ⊂ Iso(M,g) is the subgroup of isometries f of M which preserve ξτ (and
then ητ and ϕτ ). That is, f∗(ξτ (p)) = ξτ (f(p)) for every p ∈ M . We will mainly focus on
3-Sasakian homogeneous manifolds, that is, 3-Sasakian manifolds M whose Aut(M,g, S) acts
transitively on M . If (M,g, S) is a 3-Sasakian homogeneous manifold, then the orbit space
M/FQ is a quaternionic Kähler homogeneous manifold [10, Prop. 13.4.5] (see Section 4.1
below for more details on this fact). Then, the next classification theorem is achieved in [6].
Theorem 2.1. Any 3-Sasakian homogeneous manifold is one of the following coset manifolds:
Sp(n+ 1)
Sp(n)
,
Sp(n+ 1)
Sp(n)× Z2
,
SU(m)
S(U(m− 2)×U(1))
,
SO(k)
SO(k − 4)× Sp(1)
,
G2
Sp(1)
,
F4
Sp(3)
,
E6
SU(6)
,
E7
Spin(12)
,
E8
E7
,
for n ≥ 0, m ≥ 3 and k ≥ 7 (Sp(0) denoting the trivial group).
For the explicit description of the metrics of the 3-Sasakian homogeneous manifolds, see
Theorem 4.2 below.
Observe that dimG/H = 4n + 3 in all the cases, with n = m − 2 for the quotients of the
unitary groups, n = k − 4 in the orthogonal case, and n = 2, 7, 10, 16 and 28, respectively,
in the exceptional cases. The only 3-dimensional 3-Sasakian homogeneous manifolds are the
sphere S3 and the projective space RP 3, which behave different from the rest, because their
horizontal distributions reduce to {0}.
As a consequence of Theorem 2.1, all 3-Sasakian homogeneous manifolds are simply-connec-
ted except the real projective spaces RP 4n+3 ≃ Sp(n+1)Sp(n)×Z2 . In particular, there is a one-to-
one correspondence between compact simple Lie algebras and simply-connected 3-Sasakian
homogeneous manifolds.
Let us recall the notion of Riemann-Cartan manifold, since this is the second main topic
of this paper (cf. [1]). A Riemann-Cartan manifold is a triple (M,g,∇), where (M,g) is a
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Riemannian manifold and ∇ is a metric affine connection, that is to say, ∇g = 0. It is also
commonly said that ∇ is compatible with the metric g. The torsion tensor field of ∇ is defined
as usual by T∇(X,Y ) = ∇XY − ∇YX − [X,Y ], for X,Y ∈ X(M), and it does not vanish
in general. Clearly, these manifolds can be seen as a generalization of Riemannian manifolds,
since the considered metric affine connection may be different from the Levi-Civita connection
∇g, which is characterized by the condition T∇
g
= 0. For (M,g,∇) a Riemann-Cartan
manifold, we set
(2) ω
∇
(X,Y,Z) := g(T∇(X,Y ), Z),
for X,Y,Z ∈ X(M). Then, the (metric) connection ∇ is said to have totally skew-symmetric
torsion or briefly, skew torsion, if ω
∇
defines a differential 3-form on M . This characterizes
the remarkable fact that ∇ and ∇g share their (parametrized) geodesics.
Remark 2.2. For every Sasakian structure {ξ, η, ϕ} on (M,g), there is a unique metric
connection with totally skew-symmetric torsion∇ch such that∇chξ = 0,∇chη = 0 and∇chϕ =
0, [26]. An explicit formula for this connection is given by
g(∇chX Y,Z) = g(∇
g
XY,Z) +
1
2
η ∧ dη(X,Y,Z).
Then, in a 3-Sasakian manifold, each Sasakian structure {ξτ , ητ , ϕτ} has a distinguished metric
connection with totally skew-symmetric torsion as above, denoted by ∇chτ and called the
characteristic connection of the corresponding Sasakian structure. It has been studied in [27].

For any metric affine connection ∇, we define the difference (1, 2)-tensor D = ∇ − ∇g on
M . The torsion T∇ satisfies T∇(X,Y ) = D(X,Y ) − D(Y,X), for any X,Y ∈ X(M). The
connections ∇ and ∇g share the same geodesics if, and only if, the difference tensor D is
skew-symmetric. In such case, we have
∇ = ∇g +
1
2
T∇.
Given ∇ an affine connection on an n-dimensional manifold M , it is always possible to
compute its Ricci tensor, but it is not symmetric in general. Thus, a Riemann-Cartan manifold
(M,g,∇) is said to be Einstein with skew torsion (cf. [2]) if the metric affine connection ∇
has totally skew-symmetric torsion and satisfies
(3) Sym(Ric∇) =
s∇
dimM
g,
where s∇ is the corresponding scalar curvature given by s∇ =
∑n
i,j=1 g(R
∇(ei, ej)ej , ei) for
an orthonormal basis and, following [1], Sym(Ric∇) denotes the symmetric part of the Ricci
(curvature) tensor of ∇. The metric connections such that (M,g,∇) is Einstein with skew
torsion are the critical points of a variational problem which involves the scalar curvature of
the Levi-Civita connection ∇g and the torsion of ∇ (see details in [2]). For brevity, we will
also say that ∇ is an Einstein with skew torsion (affine) connection.
We recall from [26] some curvature identities on Riemann-Cartan manifolds with totally
skew-symmetric torsion. Let S ∈ T (0,2)(M) be the tensor given at p ∈M by
(4) S(X,Y )p :=
n∑
j=1
g(T∇(ej ,Xp), T
∇(ej , Yp)),
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where {e1, . . . , en} is an orthonormal basis of TpM and X,Y ∈ X(M). The Ricci tensor of the
Levi-Civita connection, denoted by Ricg, and the Ricci tensor of ∇ are related by
Ric∇ = Ricg −
1
4
S+
1
2
div(T∇),
where div(T∇) denotes the divergence of the torsion form given by
div(T∇)(X,Y ) =
n∑
i=1
(
∇geiω∇
)
(X,Y, ei).
In particular, since Ricg and S are symmetric tensors but div(T∇) is skew-symmetric, we get
(5) Sym(Ric∇) = Ricg −
1
4
S, Skew(Ric∇) =
1
2
div(T∇).
Then, Ric∇ is symmetric if, and only if, div(T∇) = 0. For instance, this holds if the torsion
is ∇-parallel.
Remark 2.3. Our conventions on the signs are different from [26]. For example, we take
div(T∇) = −δg(ω
∇
), where δg(ω
∇
) = −
∑n
i=1 ιei∇
g
eiω∇ denotes the codifferential of the 3-
form ω
∇
. Also, let us recall that δg(ω
∇
) = δ∇(ω
∇
) under our assumption that ∇ has skew
torsion ([26, p. 305-306]). 
3. Nomizu’s Theorem on Invariant Connections and Algebraical Tools
The study of invariant affine connections in homogeneous spaces is a simple matter in the
reductive cases thanks to Nomizu’s Theorem (cf. [39]), which allows to translate the geometric
problem to an algebraic setting. Roughly speaking, it establishes a bijective correspondence
between these connections and certain homomorphisms of modules. This allows to compute
the size of the set of invariant connections.
Let G be a Lie group acting transitively on a manifold M . We write a dot to denote the
action of G on M and so, for σ ∈ G, the left translation by σ will be given by τσ(p) = σ · p
for all p ∈ M . For each σ ∈ G and X ∈ X(M), the vector field τσ(X) ∈ X(M) is defined at
each p ∈M by
(τσ(X))p := (τσ)∗(Xσ−1·p).
An affine connection ∇ on M is said to be G-invariant if, for each σ ∈ G and for all X,Y ∈
X(M),
τσ(∇XY ) = ∇τσ(X)τσ(Y ).
Let H be the isotropy subgroup at a fixed point o ∈M , so that there exists a diffeomorphism
between M and G/H. The homogeneous space M = G/H is said to be reductive if the Lie
algebra g of G admits a vector space decomposition
(6) g = h⊕m,
for h the Lie algebra of H and m an Ad(H)-invariant subspace (i.e., Ad(H)(m) ⊂ m). In this
case, g = h⊕m is called a reductive decomposition of g. The condition Ad(H)(m) ⊂ m implies
that [h,m] ⊂ m, and both are equivalent conditions when H is connected. The differential
map π∗ of the projection π : G → M = G/H gives a linear isomorphism (π∗)e|m : m → ToM ,
where o = π(e). Nomizu’s Theorem, [39], can be stated as follows:
10 C. DRAPER, F. J. PALOMO, AND M. ORTEGA
Theorem 3.1. Let G/H be a reductive homogeneous space with a fixed reductive decomposition
as in (6). Then, there is a one-to-one correspondence between the set of G-invariant linear
connections ∇ on G/H and the vector space of bilinear maps α : m × m → m such that
Ad(H) ⊂ Aut(m, α). In case H is connected, this condition Ad(H) ⊂ Aut(m, α) is equivalent
to
(7) [A,α(X,Y )] = α([A,X], Y ) + α(X, [A,Y ])
for all X,Y ∈ m and A ∈ h (i.e., ad(h) ⊂ Der(m, α)).
We should bear in mind that, under the above identification (π∗)e|m, the correspondence
given by Nomizu’s Theorem works as follows
(8) ∇ 7−→ α
∇
(X,Y ) = ∇XoY − [X,Y ]o, X, Y ∈ m,
for ∇ a G-invariant affine connection on G/H and α
∇
the associated bilinear map on m (the
key point is that L(X,Y ) = ∇XY − [X,Y ] defines a tensor).
The reductive complement m is an h-module and so, in a natural way, the tensor product
m ⊗ m is also an h-module for A ·X ⊗ Y = [A,X] ⊗ Y +X ⊗ [A,Y ]. Note that any bilinear
map α as in (7) allows to construct a homomorphism of h-modules α˜ : m⊗m→ m by means
of α˜(X ⊗ Y ) = α(X,Y ) for all X,Y ∈ m, and conversely. We will usually identify α and α˜.
So, Nomizu’s Theorem can be read in the following terms.
Corollary 3.2. Let G/H be a reductive homogeneous space with a fixed reductive decomposi-
tion as in (6) and H connected. Then, there is a bijective correspondence between the set of
G-invariant affine connections on G/H and the vector space Homh(m⊗m,m).
From now on, we extensively use the identification (π∗)e|m : m → ToM . Given ∇ a G-
invariant affine connection on G/H and α
∇
the associated bilinear map as in (8), the torsion
and curvature tensors of the G-invariant affine connection ∇ are computed in [39] as follows:
T∇(X,Y ) = α
∇
(X,Y )− α
∇
(Y,X)− [X,Y ]m,
R∇(X,Y )Z = α
∇
(X,α
∇
(Y,Z))− α
∇
(Y, α
∇
(X,Z)) − α
∇
([X,Y ]m, Z)− [[X,Y ]h, Z],
for any X,Y,Z ∈ m, where [ , ]h and [ , ]m denote the composition of the bracket ([m,m] ⊂ g)
with the projections πh and πm of g = h ⊕ m on each factor, respectively. These expressions
give T∇ and R∇ at the point o = π(e), but the invariance permits to recover the whole tensors.
To deal with the covariant derivative of arbitrary tensors at the point o with respect to an
invariant affine connection ∇, we include the following technical result.
Lemma 3.3. Let M = G/H be a reductive homogeneous space with a fixed reductive decom-
position as in (6) and ∇ a G-invariant affine connection. For every tensor field of type (1, k),
T ∈ T (1,k)(M), the following formula holds
(9) (∇ZT)(X1, ...,Xk) = α∇(Z,T(X1, ...,Xk))−
k∑
i=1
T(X1, ..., α∇(Z,Xi), ...,Xk),
where Z,X1, ...,Xk ∈ m ≈ ToM .
Proof. For every X ∈ g, let us consider the fundamental vector field X+ ∈ X(M) defined by
X+p :=
d
dt
∣∣∣∣
0
(exp(tX) · p).
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A direct computation shows X+o = (π∗)e(X) and therefore X ∈ m corresponds with X
+
o
via the identification (π∗)e|m. In these terms, the bilinear map α∇ corresponding to ∇ via
Nomizu’s Theorem is given by
α
∇
(X,Y ) = ∇XW
Y − [X+,W Y ]o,
for X ∈ m and W Y ∈ X(M) an arbitrary extension of Y ∈ ToM . The tangent vector
Y ∈ m ≈ ToM can be extended to the vector field W
Y in a convenient way. Indeed, we
choose the extension W Y such that [X+,W Y ]o = 0. For X = 0, the vector field X
+ vanishes
identically and any extension W Y satisfies the required property. On the contrary, when
X 6= 0, we take a local coordinate system (x1, ..., xn) centered at o ∈ M and such that
X+o =
∂
∂x1
|o. We have the local coordinate expressions X
+ =
∑
fi
∂
∂xi
and W Y =
∑
hi
∂
∂xi
.
Thus, the conditions [X+,W Y ]o = 0 and W
Y
o = Y become
∂hi
∂x1
∣∣∣∣
o
=
n∑
j=1
yj
∂fi
∂xj
∣∣∣∣
o
, hi(o) = yi, (i = 1, ..., n)
where Y =
∑n
i=1 yi
∂
∂xj
|o. Now, it is clear how to construct the vector field W
Y , and we obtain
the short formula
(10) α
∇
(X,Y ) = ∇XW
Y
for our convenient extension W Y . Finally, the proof of (9) is an easy matter by using (10).
Indeed, a straightforward computation shows
(∇ZT)(X1, ...,Xk) = ∇Z(W
T(X1,...,Xk))−
k∑
i=1
T(X1, ...,∇ZW
Xi , ...,Xk)
= α
∇
(Z,T(X1, ...,Xk))−
k∑
i=1
T(X1, ..., α∇(Z,Xi), ...,Xk),
by using here suitable extensions of the tangent vectors X1, ...,Xk,T(X1, ...,Xk) ∈ ToM . 
If our reductive homogeneous space G/H is endowed with a G-invariant Riemannian metric
g, the identification of m with ToM via π∗ allows to consider the orthogonal Lie algebra so(m, g)
corresponding to the Ad(H)-invariant nondegenerate symmetric bilinear map induced by g.
In particular, we have ad(h) ⊂ so(m, g), so we can consider the h-module structure on so(m, g)
given by (A · ψ)(X) = [A,ψ(X)] − ψ([A,X]). Recall also the usual h-module structure on
Λ2m given by A · (X ∧ Y ) = [A,X] ∧ Y +X ∧ [A,Y ]. Then, Λ2m and so(m, g) are isomorphic
h-modules by means of X ∧ Y 7→ g(X,−)Y − g(Y,−)X ∈ so(m, g). The outcome is another
version of Nomizu’s Theorem (see [22, Theorem 2.7, Remark 2.8]).
Lemma 3.4. Let (G/H, g) be a reductive homogeneous Riemannian manifold with reductive
decomposition g = h⊕m and H connected. Then, a G-invariant affine connection ∇ is metric
(∇g = 0) if, and only if, the related bilinear map α
∇
: m×m→ m satisfies α
∇
(X,−) ∈ so(m, g)
for all X ∈ m. Therefore, there is a bijective correspondence between the set of connections
on G/H which are G-invariant and compatible with g, and the vector space Homh(m, so(m, g))
(or alternatively with Homh(m,Λ
2m)).
It will be specially useful for our purposes to also set Nomizu’s Theorem for the case of
invariant metric connections with skew torsion on G/H. Let us denote such set by CS(G/H, g).
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Lemma 3.5. Let (G/H, g) be a reductive homogeneous Riemannian manifold with reductive
decomposition g = h ⊕ m and H connected. There is a one-to-one correspondence between
CS(G/H, g) and Homh(Λ
3m,R) (R as trivial h-module).
Proof. Let us consider the map Θ : CS(G/H, g) → Homh(Λ
3m,R) given by
Θ(∇)(X ∧ Y ∧ Z) = g(α
∇
(X,Y )− αg(X,Y ), Z),
where αg = α
∇g
denotes the bilinear map associated with the Levi-Civita connection by
Nomizu’s Theorem. It is easy to conclude that Θ(∇) is an h-module homomorphism, since
α
∇
, αg and g so are. The injectivity of Θ follows from the nondegeneracy of g. Finally,
given ω ∈ Homh(∧
3m,R), there exists a unique bilinear map T : m × m → m such that
ω(x ∧ y ∧ z) = g(T (x, y), z) for any x, y, z ∈ m. We also denote by ω and T the natural
extensions of ω and T to the whole manifold G/H by using the G-invariance. Now, the
invariant connection ∇ = ∇g + (1/2)T has torsion T , is compatible with the metric g, and
satisfies Θ(∇) = 1/2ω. 
Our next target will be to compute the dimensions of
(11) Homh(m⊗m,m), Homh(m,m ∧m), Homh(m ∧m ∧m,R),
for each reductive decomposition related to any 3-Sasakian homogeneous manifold G/H in
Theorem 2.1. These vector spaces will be useful to describe, respectively, the set of G-invariant
affine connections on G/H, those ones which are besides compatible with an invariant metric,
and those ones that have also skew torsion. We need precise descriptions of such reductive
decompositions as well as of the involved modules, which will be provided case-by-case in the
next section. As mentioned in the Introduction, except for the case SU(m)/S(U(m−2)×U(1)),
the dimensions of the above three vector spaces turn out to be the same for all 3-Sasakian
homogeneous manifolds (see Proposition 4.15 for a description of the first space).
We finish this section with some ad-hoc facts involving representation theory of complex
Lie algebras. (A textbook including the algebraic concepts relative to Lie algebras and their
representations is [30], for instance.) These results will be used in Section 4 to compute the
dimensions in (11). Although well-known, we include them here for the sake of completeness.
As usual, we denote by pV , p ∈ N, to the module which is a direct sum of p submodules all
of them isomorphic to V .
Lemma 3.6. Let V and W be (finite-dimensional) modules for a complex Lie algebra L.
i) If V and W are irreducible, then the vector space HomL(V,W ) is one-dimensional if
V and W are isomorphic L-modules and it is 0 otherwise.
ii) If V ∼= (⊕ipiVi) ⊕ (⊕jnjUj) and W
∼= (⊕kqkWk) ⊕ (⊕jmjUj), with Vi, Wk and Uj
(finite-dimensional) irreducible L-modules which are not isomorphic, then
dimHomL(V,W ) =
∑
j
njmj.
Schur’s lemma gives item i), while item ii) is an immediate consequence. If besides L
is semisimple, all finite-dimensional L-modules V and W are completely reducible (sum
of irreducible submodules) and then we can always apply item ii) to them. In particular,
dimHomL(V,W ) = dimHomL(W,V ). So, for complex representations, such dimensions are
computed by finding the irreducible submodules with their corresponding multiplicities. We
denote by SnW and ΛnW the nth symmetric and alternating tensor power of the module W ,
respectively.
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Lemma 3.7. Let U and W be modules for a complex Lie algebra L.
a) U ⊗ U ∼= S2U ⊕ Λ2U .
b) Λn(U ⊕W ) ∼= ⊕nk=0Λ
n−kU ⊗ ΛkW and Sn(U ⊕W ) ∼= ⊕nk=0 S
n−kU ⊗ SkW.
c) In particular, for C the trivial L-module and W = 2U ⊕ 3C,
(12)
W ⊗W ∼= 4(U ⊗ U)⊕ 12U ⊕ 9C,
Λ2W ∼= 3Λ2U ⊕ S2U ⊕ 6U ⊕ 3C,
Λ3W ∼= 2Λ3U ⊕ 2(Λ2U ⊗ U)⊕ 9Λ2U ⊕ 3S2U ⊕ 6U ⊕ C.
We will check in Section 4 that for any 3-Sasakian homogeneous manifold M , the complex-
ification of the h-module m ∼= ToM is always in the situation of item c). Moreover, under
certain technical conditions, we will compute the required dimensions in (11) in a unified way,
as follows.
Corollary 3.8. Let L be a complex Lie algebra and U an irreducible nontrivial L-module
such that dimHomL(S
2U,U) = dimHomL(Λ
2U,U) = dimHomL(S
2U,C) = 0, and also
dimHomL(Λ
2U,C) = 1. Then, for the L-module W = 2U ⊕ 3C, we have
dimHomL(W ⊗W,W ) = 63, dimHomL(W,Λ
2W ) = 30.
If, besides, neither Λ3U nor Λ2U ⊗ U contains any trivial submodule (that is, a submodule
isomorphic to C), then
dimHomL(Λ
3W,C) = 10.
Proof. Bearing in mind that W ⊗W ∼= 4S2U ⊕4Λ2U ⊕12U ⊕9C, our assumptions imply that
W ⊗W contains 4 + 9 = 13 copies of C and 12 copies of U . Therefore, Lemma 3.6 ii) gives
dimHomL(W ⊗W,W ) = 12 ·2+13 ·3 = 63. In a similar way, Λ
2W ∼= 3Λ2U ⊕S2U ⊕6U ⊕3C
contains 3+3 = 6 copies of C and 6 copies of U , so that dimHomL(W,Λ
2W ) = 6·2+6·3 = 30.
The third dimension is immediately deduced from Lemma 3.7 c). 
4. 3-Sasakian homogeneous manifolds
Now we provide an explicit and detailed construction of all 3-Sasakian homogeneous mani-
folds in algebraic terms. These precise descriptions will be as self-contained as possible and will
be used throughout the text. The common information is summarized in Theorem 4.2. The
following subsections contain the different reductive decompositions, module decompositions
and the computations of the dimensions in (11), for each case in Theorem 2.1.
4.1. The algebraical data. The starting point is that each 3-Sasakian homogeneous man-
ifold is the total space of a Sp(1) or a SO(3) principal bundle over a symmetric space, [10,
Proposition 13.4.5]. More specifically, for a 3-Sasakian homogeneous manifold M = G/H,
all the leaves of the 3-dimensional integrable distribution Q⊥ are diffeomorphic and the orbit
space M/FQ is a quaternionic Kähler G-homogeneous manifold [10, Prop. 13.4.5]. Moreover,
the natural projection M → M/FQ is a principal bundle with structure group F = Sp(1) or
F = SO(3) and M/FQ has positive scalar curvature [12, Sec. 4]. Therefore, from a classi-
cal result of Alekseevsky, the orbit space M/FQ must be symmetric [6]. Thus, the natural
projection on the orbit space of every 3-Sasakian homogeneous manifold admit the form
M = G/H →M/FQ =M/F = G/(H · F ).
The reductive decomposition related to the 3-Sasakian homogeneous manifold M = G/H is
introduced from the Z2-grading related to the corresponding symmetric space M/FQ. To be
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precise, let us consider the Z2-grading on g, or symmetric decomposition g = g0⊕ g1 (that is,
[gi, gj ] ⊂ gi+j). The even part g0 = sp(1)⊕ h is sum of two ideals, which immediately implies
that g = h ⊕ m is a reductive decomposition for m = sp(1) ⊕ g1. Theorem 4.2 shows how to
construct the 3-Sasakian structure starting from the Lie algebraic data (see Definition 4.1).
In order to simplify computations, we would like to point out that, except for the projective
spaces RP 4n+3 = Sp(n + 1)/Sp(n) × Z2, for every 3-Sasakian homogeneous manifold G/H,
the Lie subgroup H is connected. Therefore, from now on, we assume that H is connected
and the projective cases will be considered in Remark 4.9 in a separate way.
Before the next definition, recall that if Wi is an Li-module, i = 1, 2, for Li any Lie algebra,
thenW1⊗W2 is an L1⊕L2-module for the action (x1+x2)·w1⊗w2 = (x1·w1)⊗w2+w1⊗(x2·w2).
Definition 4.1. A 3-Sasakian data is a pair of Lie algebras (g, h) such that
• g = g0 ⊕ g1 is a Z2-graded compact simple Lie algebra (that is, [gi, gj ] ⊂ gi+j , i, j ∈
{0, 1}) whose even part is sum of two ideals,
(13) g0 = sp(1)⊕ h;
• and there exists an hC-module W such that the complexified gC0 -module g
C
1 is isomorphic
to the tensor product of the natural sp(1)C ∼= sl(2,C)-module C2 given by multiplication
on the columns and W , that is,
(14) gC1
∼= C2 ⊗W.
In particular, dimRm = 4n + 3 holds for n = dimCW . A reader interested in the (nonas-
sociative) algebraic structure attached to W can consult Remark 4.16. Note that Eq. (14)
can be obtained as a consequence of Eq. (13) under certain conditions. For instance, this is
the case if the algegra h is semisimple and the h-module g1 is irreducible, as we will prove in
Remark 4.17. These conditions will be satisfied in most of our cases.
Theorem 4.2. Let M4n+3 = G/H be a homogeneous space with H connected such that the
pair (g, h) is a 3-Sasakian data, being g and h the Lie algebras of G and H respectively. Take
m = sp(1)⊕ g1 (for the subalgebra of type sp(1) in (13)).
i) The decomposition g = h⊕m is a reductive decomposition.
ii) Let g be the Riemannian metric onM corresponding to the Ad(H)-invariant inner product
on m given by
(15) g|sp(1) = −
1
4(n+ 2)
κ, g|g1 = −
1
8(n + 2)
κ, g|sp(1)×g1 = 0,
where κ is the Killing form of g. Then, the multiplication αg : m×m→ m corresponding
via Nomizu’s Theorem with the Levi-Civita connection ∇g satisfies
(16) αg(X,Y ) =

0 if X ∈ sp(1) and Y ∈ g1,
1
2 [X,Y ]m if either X,Y ∈ sp(1) or X,Y ∈ g1,
[X,Y ]m if X ∈ g1 and Y ∈ sp(1).
iii) Let {ξi}
3
i=1 be the G-invariant vector fields on M corresponding to the following basis of
sp(1) = su(2),
(17) ξ1 =
(
i 0
0 −i
)
, ξ2 =
(
0 −1
1 0
)
, ξ3 =
(
0 −i
−i 0
)
.
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Then, the endomorphism field ϕi = −∇
gξi satisfies
(18) ϕi|sp(1) =
1
2
ad ξi, ϕi|g1 = ad ξi,
for each i = 1, 2, 3, and Si = {ξi, ηi, ϕi} is a Sasakian structure for ηi = g(ξi,−). In
addition, S1, S2 and S3 satisfy the compatibility conditions (1), hence providing a 3-
Sasakian structure on M .
Proof. Item i) is clear. For item ii), note that the inner product on m defined in (15) is
Ad(H)-invariant, so that it extends to a G-invariant Riemannian metric on M , also denoted
by g. Next, we show that g(αg(X,Y ), Z) + g(Y, αg(X,Z)) = 0 for X,Y,Z ∈ m. Indeed, the
bilinear map αg satisfies
(19) αg(X,Y ) =
1
2
[Xv, Y v] +
1
2
[Xh, Y h]sp(1) + [X
h, Y v],
where the superscripts v and h denote the projections from m on sp(1) and g1, respectively
(note that [Xh, Y v] ∈ g1). Now, from (19) and the associativity of the Killing form, one
deduces that
g(αg(X,Y ), Z) =−
1
8(n + 2)
κ
(
[Xv, Y v] + [Xh, Y h]sp(1) + [X
h, Y v], Z
)
=− g(αg(X,Z), Y ),
since κ(sp(1), g1) = 0. Thus, the affine connection corresponding to α
g is compatible with the
metric. Also, one easily shows that its torsion tensor vanishes identically.
The formulae in (18) for the endomorphism fields ϕi = −∇
gξi are a straightforward
computation from (10) and the explicit expression for αg. In order to deduce that every
Si = {ξi, ηi, ϕi} for i = 1, 2, 3, is a Sasakian structure, we are going to prove that the vector
fields {ξi}
3
i=1 are g-orthonormal. Note that [ξi, ξj ] = 2ǫijkξk. Now, from (13), we can compute
κ(ξi, ξi) = tr (ad
2ξi) = tr (ad
2ξi|sp(1)) + tr (ad
2ξi|g1) = −8 + tr (ad
2ξi|g1). Take into account,
by (14), that the action of sp(1)C on gC1
∼= C2 ⊗W is given by the matrix multiplication on
column vectors, that is, [ξi,
(
x
y
)
⊗w] = ξi
(
x
y
)
⊗w. As ξ2i =
(
−1 0
0 −1
)
for any i, we obtain
ad2ξi|gC1
= −id, and hence ad2ξi|g1 = −id. In particular, the Killing form takes the value
κ(ξi, ξi) = −8 − dimR g1 = −8 − 4n, so that each ξi is a g-unitary vector field. In a similar
way, for i 6= j, we get
κ(ξi, ξj) = tr (adξi ◦ adξj |sp(1)) + tr (adξi ◦ adξj |g1) = 0 + tr (adξi ◦ adξj |g1).
And again from (14), we have
[
ξi,
[
ξj,
(
x
y
)
⊗ w
]]
= 2ǫijkξk
(
x
y
)
⊗ w. Therefore, it holds
trgC1
(adξi ◦ adξj ) = 0 and, as the trace does not depend on the field extension, it yields
κ(ξi, ξj) = 0.
Next, we want to show that every ξi, i = 1, 2, 3, is a Killing vector field for g. The invariance
properties simplify the computations, so we just need to check that for X,Y ∈ m,
g(ϕi(X), Y ) + g(X,ϕi(Y )) = 0,
but this formula can be easily deduced from (18). Finally, it remains to prove the following
expression for the covariant derivative of ϕi,
(∇gXϕi)Y = g(X,Y )ξi − ηi(Y )X.
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By Lemma 3.3 and the invariance of the tensors, this is equivalent to prove, for X,Y ∈ m,
that
(20) αg(X,ϕi(Y ))− ϕi(α
g(X,Y )) = g(X,Y )ξi − ηi(Y )X.
As explicit expressions for αg and ϕi are given in (16) and (18), respectively, we will check
this equation case by case. First, if X ∈ sp(1) and Y ∈ g1, then both terms of (20) vanish.
Second, for a fixed i ∈ {1, 2, 3}, if X ∈ g1 and Y = ξj ∈ sp(1) with j 6= i, Eq. (20) reduces to
check that
ǫijkα
g(X, ξk)− ϕi([X, ξj ]) = −ǫijkϕk(X) + ϕi ◦ ϕj(X) = 0.
But this holds due to the equality ǫijkϕk = ϕi◦ϕj on horizontal vectors for j 6= i. The subcase
j = i can be proved similarly. Third, (20) is a straightforward computation when X and Y
belongs to {ξj}
3
j=1. Finally, for X,Y ∈ g1, (20) becomes
αg(X,ϕi(Y ))− ϕi(α
g(X,Y )) = g(X,Y )ξi.
As the left-side of this expression can be written as follows
Z :=
1
2
[X, [ξi, Y ]]sp(1) −
1
4
[ξi, [X,Y ]] ∈ sp(1),
it suffices to prove that g(Z, ξj) = δijg(X,Y ), or equivalently, κ(2Z, ξj) = δijκ(X,Y ). But this
is easy to check due to the associativity of the Killing form and the fact κ(h, sp(1)) = 0. 
Remark 4.3. Theorem 4.2 exhibits, in a unified way, the algebraic structures involved in
all 3-Sasakian homogeneous manifolds. In particular, it clarifies our choice of the metric g.
We should recall the explicit description of the metric tensor of the 3-Sasakian homogeneous
manifolds given by Bielawski in [9, Theorem 4] as follows,
(21) g(X + U,X + U) = −κ(X,X) −
1
2
κ(U,U),
for all X ∈ sp(1) and U ∈ g1. Needless to say, we have determined the metric g with more
precision in Theorem 4.2, since our metric g is homothetic to the metric in (21).
At this point, it is interesting to note that for n = 0, we have sp(1) = m, that is, g1 = 0.
For this particular case, the multiplication in m corresponding to the Levi-Civita connection
coincides with 12 [ , ] and so M = G/H is naturally reductive for our reductive decomposition
when n = 0. However, the homogeneous spaces M = G/H in Theorem 4.2 are not naturally
reductive whenever n > 0. 
Remark 4.4. Every 3-Sasakian manifold M is Einstein with positive scalar curvature, [34].
Remarkably, every 3-Sasakian manifold M , homogeneous or not, does always admit a second
Einstein metric with positive scalar curvature [10, Theorem 13.3.18]. That is, every 3-Sasakian
manifoldM has at least two distinct homothety classes of Einstein metrics. This second metric,
say g˜, was constructed by making a canonical variation of the original one along the fibers of
the natural projection M →M/FQ on the leaf space. The Sasakian structures for the original
metric are not Sasakian structures for (M, g˜). For any G-homogeneous 3-Sasakian manifold,
the new metric g˜ is also G-invariant. 
Remark 4.5. Equation (14) implies that mC, as hC-module, is the sum of three trivial irre-
ducible modules with two copies of certain module W . This will allow to apply Lemma 3.7 c)
to all the 3-Sasakian homogeneous manifolds to compute the dimension dimRHomh(Λ
3m,R) =
dimCHomhC(Λ
3mC,C). In spite of this unified treatment, we will make use of the concrete
module W , which will be computed next jointly with its irreducible summands. The SU-case
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will be the last one to consider. It is the only case in which the module W is not irreducible,
what causes the apparition of new tensors and hence, the existence of more invariant affine
connections. To deal with these extra tensors and their covariant derivatives, the explicit
expression given in (16) for the multiplication αg on m corresponding to the Levi-Civita con-
nection will be crucial. 
In the following subsections, the dimensions of the vector spaces in (11) will be computed for
the homogeneous 3-Sasakian manifolds listed in Theorem 2.1. These dimensions will provide
us the cardinality of the set of invariant affine connections in each case.
4.2. Case Sp(n+1)/Sp(n). Let H be the algebra of quaternions with complex units {j1, j2, j3}.
This means j2i = −1 for all 1 ≤ i ≤ 3 and jijj = ǫijkjk for all permutation of the indices (1, 2, 3)
and ǫijk the sign of the corresponding permutation. For every z = x0+x1j1+x2j2+x3j3 ∈ H,
with xi ∈ R, i = 0, 1, 2, 3, we denote by z = x0 − x1j1 − x2j2 − x3j3 ∈ H its quaternionic
conjugate and by tr z = z+z¯ = 2x0 its trace. Also, H0 denotes the set of zero trace quaternions,
that is, H0 = Rj1 ⊕ Rj2 ⊕ Rj3. For any n ≥ 1, let us consider the Euclidean metric g on H
n
defined by
g(z, w) = Re
( n∑
k=1
zkwk
)
,
for z = (z1, ..., zn)
t, w = (w1, ..., wn)
t ∈ Hn. The compact symplectic group Sp(n) is defined
as
Sp(n) = {A ∈ Mn(H) : AA
t
= In}.
This Lie group acts on the left by matrix multiplication on Hn (as column vectors) in such a
way that the Euclidean metric g is preserved.
Let us consider the (4n+3)-dimensional unit round sphere S4n+3 = {z ∈ Hn+1 : g(z, z) = 1},
which inherits from g the usual Riemannian metric of constant sectional curvature +1. The
action of the Lie group Sp(n + 1) on Hn+1 restricts to a transitive action on S4n+3 and
Sp(n+ 1) ⊂ Iso(S4n+3, g). The isotropy group at the point o = (0, . . . , 0, 1)t ∈ S4n+3 is
H =
{(
B 0
0 1
)
: B ∈ Sp(n)
}
.
Moreover, we have a reductive decomposition as in (6) given by
(22)
g = sp(n+ 1) = {A ∈Mn+1(H) : A+ A¯
t = 0},
h =
{(
B 0
0 0
)
: B ∈ sp(n)
}
∼= sp(n),
m =
{(
0 z
−z¯t a
)
∈ Mn+1(H) : z ∈ H
n, a ∈ H0
}
∼= Hn ⊕H0 = g1 ⊕ sp(1).
By means of the identifications suggested by (22), the action of h on m is the action of sp(n)
on Hn ⊕ H0 given by B · (z, a) = (Bz, 0), for B ∈ sp(n), z ∈ H
n and a ∈ H0. In particular,
the action of h on H0 is trivial.
As expected, the pair of Lie algebras (g, h) is a 3-Sasakian data. Indeed, we have the Z2-
grading g = g0 ⊕ g1 with g0 = H0 ⊕ h and g1 = H
n. (Recall that (H0, [ , ]) ∼= sp(1) by means
of the isomorphism ji 7→ ξi for 1 ≤ i ≤ 3, with ξi as in (17).) Then, Eq. (14) becomes clear
from the next proof.
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Lemma 4.6. Assume sp(n+1) = h⊕m, n ≥ 1, is the reductive decomposition in (22). Then
dim
R
Homh(m ⊗m,m) = 63, dim
R
Homh(m,Λ
2m) = 30, dim
R
Homh(Λ
3m,R) = 10.
Proof. Put Zn =
(
0 In
−In 0
)
. Then, the complex Lie algebra
hC = h⊕ ih ∼= sp(2n,C) =
{
A ∈ M2n(C) : AZn + ZnA
t = 0
}
is simple of type Cn. Moreover, m
C is isomorphic to the module 2V (λ1) ⊕ 3C, where λi, for
i = 1, . . . , n, denote the fundamental weights for Cn (notation as in [30]). In order to apply
Corollary 3.8 to the module U := V (λ1), we compute
S2V (λ1) ∼= V (2λ1) for all n, and Λ
2V (λ1) ∼=
{
V (λ2)⊕ C if n ≥ 2,
C if n = 1.
Recall that these computations can also be done by using the LiE online service:
http://wwwmathlabo.univ-poitiers.fr/ maavl/LiE/form.html
It is well-known that, if λ and β are dominant weights, i.e., belonging to Λ+ = {
∑n
i=1miλi :
mi ∈ Z≥0}, the irreducible modules V (λ) and V (β) are isomorphic if, and only if, λ = β. This
implies that mC satisfies the technical conditions in Corollary 3.8, from which dimRHomh(m⊗
m,m) = 63 and dimRHomh(m,Λ
2m) = 30. To compute the third dimension, we check
Λ3U ∼=

V (λ3)⊕ U if n ≥ 3,
U if n = 2,
0 if n = 1,
Λ2U ⊗ U ∼=

V (λ3)⊕ V (λ1 + λ2)⊕ 2U if n ≥ 3,
V (λ1 + λ2)⊕ 2U if n = 2,
U if n = 1.
Taking into account that any of these modules does not contain any copy of the trivial module
C, we can again apply Corollary 3.8 to deduce dimRHomh(Λ
3m,R) = 10. 
Remark 4.7. Note that this lemma was proved with different arguments in [24], but after a
long chain of computations which made use of 63 parameters. Now, our argument in [24] is
replaced with a short proof which avoids the explicit algebraical descriptions of the connections
provided by Nomizu’s Theorem. Moreover, there is a slip-up in the survey [24] in the expression
of the map αg related to the Levi-Civita connection, which should coincide with that one in
(16). 
Remark 4.8. We have not studied here the case n = 0 because the 3-dimensional sphere is
well-known. First, Laquer [36] studied invariant affine connections on Lie groups. And second,
our work [22, Section 7] studies the metric connections with skew torsion on S3 and also, those
which are Einstein with skew torsion. 
Remark 4.9. To end this subsection, we would like to mention the projective case too. This
is the only 3-Sasakian homogeneous manifold which is not simply connected. Here again, the
group Sp(n + 1) acts transitively on RP 4n+3 ∼= S4n+3/Z2 = {[z] : z ∈ C
2n+2, g(z, z) = 1} by
A[z] = [Az] for A ∈ Sp(n + 1) and [z] ∈ RP 4n+3. Now, the isotropy group is not connected.
To be precise, the isotropy group at the point [(0, . . . , 0, 1)t] is
H =
{(
B 0
0 ±1
)
: B ∈ Sp(n)
}
,
and the reductive decomposition g = h ⊕ m is the same as the given one by (22). Bearing
in mind that the projection S4n+3 → RP 4n+3 commutes with the actions of the Lie group
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Sp(n + 1) on S4n+3 and RP 4n+3, respectively, every Sp(n + 1)-invariant affine connection
on S4n+3 induces, in a natural way, an Sp(n + 1)-invariant affine connection on RP 4n+3.
Therefore, the set of invariant affine connections on S4n+3 is in one-to-one correspondence
with the corresponding set on RP 4n+3.
Alternatively, this conclusion can be achieved algebraically. Take σ =
(
In 0
0 −1
)
∈ H,
which does not belong to the connected component H0. As Ad(σ)(z, a) = (z,−a), it is easy
to check Ad(σ)(α(X,Y )) = α
(
Ad(σ)(X),Ad(σ)(Y )
)
for all X,Y ∈ m and any h-invariant
bilinear map α : m×m→ m. 
4.3. Case SO(k)SO(k−4)×Sp(1) for k ≥ 7. As mentioned, every 3-Sasakian homogeneous manifold
is the total space of a Sp(1) or a SO(3) principal bundle over a symmetric space. In this case,
we have the projection
p :
SO(k)
SO(k − 4)× Sp(1)
−→
SO(k)
SO(k − 4)× SO(4)
,
and the base manifold is the real Grassmann manifold of oriented linear 4-subspaces of Rk.
To be precise, let us recall the following double covering group homomorphism
Sp(1)× Sp(1)→ SO(4), (q, z) 7→ T(q,z) : R
4 → R4 ∼= H,
where T(q,z)v = qvz¯ and Sp(1) = {q ∈ H : qq¯ = 1}. The map T(q,z) = Lq ◦ Rz¯ is the
composition of the left and right quaternionic multiplications Lq(v) = qv and Rz¯(v) = vz¯.
Therefore, there are two remarkable ways of considering the group Sp(1) as a subgroup of
SO(4). Namely, Sp(1)− ⊂ SO(4) given by q 7→ T(1,q) and Sp(1)
+ ⊂ SO(4) given by q 7→ T(q,1).
The above projection p is defined, in a natural way, from Sp(1)− ⊂ SO(4).
Remark 4.10. This point of view gives a geometrical meaning for the 3-Sasakian manifold
SO(k)
SO(k−4)×Sp(1) . Recall that we have the induced isomorphism Sp(1)Sp(1) → SO(4), where as
customary Sp(1)Sp(1) := (Sp(1) × Sp(1))/Z2. Now, let us consider Π ∈
SO(k)
SO(k−4)×SO(4) , with
Π = σ(SO(k−4)×SO(4)) for σ ∈ SO(k). Then, the last four column vectors of σ ∈ SO(k) give
an oriented orthonormal basis B(σ) of the 4-subspace Π which identifies B(σ) : R4 ∼= H → Π.
Thus, the fibre over Π can be described by p−1(Π) = {B(σ) ◦ T[1,q] : q ∈ Sp(1)/Z2 ∼= SO(3)}.
Hence, SO(k)SO(k−4)×Sp(1) can be seen as a distinguished family of oriented orthonormal basis on
every oriented linear 4-subspace of Rk. 
Now we introduce the 3-Sasakian data corresponding to this case. The Z2-grading on
g = so(k) = {A ∈ Mk(R) : A+A
t = 0} is given by
g0 =
{(
B 0
0 C
)
: B ∈ so(k − 4), C ∈ so(4)
}
,
g1 =
{(
0 D
−Dt 0
)
: D ∈M(k−4)×4(R)
}
.
Next, so(4) is not a simple Lie algebra but decomposes as a sum of two copies of sp(1). Namely,
so(4) = I− ⊕ I+ for
I− =

 0 α1 α2 α3−α1 0 −α3 α2
−α2 α3 0 −α1
−α3 −α2 α1 0
 : αi ∈ R
 , I+ =

 0 −α1 −α2 −α3α1 0 −α3 α2
α2 α3 0 −α1
α3 −α2 α1 0
 : αi ∈ R
 ,
20 C. DRAPER, F. J. PALOMO, AND M. ORTEGA
where these matrices are just the matrices of Rq¯ = −Rq and Lq, respectively, if q = α1j1 +
α2j2+α3j3 ∈ H0 ∼= sp(1). In other words, the above decomposition of so(4) has been obtained
from the inclusions Sp(1)− ⊂ SO(4) for I− and Sp(1)+ ⊂ SO(4) for I+. In particular, we
have the reductive decomposition of g = so(k) given by g = h⊕m for
h =
{(
B 0
0 C
)
: B ∈ so(n), C ∈ I−
}
,
m =
{(
0 D
−Dt X
)
: D ∈ Mn×4(R), X ∈ I
+
}
∼= I+ ⊕ g1,
with n = k − 4, which of course satisfies g0 = I
+ ⊕ h ∼= sp(1) ⊕ h. We use the natural
identifications h ∼= so(n)⊕I− (∼= so(n)⊕sp(1)) and m ∼=Mn×4(R)⊕I
+ (∼=Mn×4(R)⊕sp(1))
given by (
B 0
0 C
)
7→ (B,C),
(
0 D
−Dt X
)
7→ (D,X).
Thus, taking into account that [I−, I+] = 0 (as RqLz = LzRq), the adjoint action of the
semisimple Lie algebra h on m can be expressed as (B,C) · (D,X) = (BD −DC, 0). If there
is no ambiguity, we use B for (B, 0) and C for (0, C). In particular, m decomposes as the
sum of I+, which is a trivial 3-dimensional h-module, and Mn×4(R), which is an irreducible
h-module.
In order to apply Corollary 3.8, we have previously to check that mC ∼= 3C ⊕ 2U for
some irreducible and nontrivial hC-submodule U . So, we need to know the decomposition of
Mn×4(R)
C ∼=Mn×4(C) as a sum of h
C-irreducible submodules. More precisely, we are going
to prove that such decomposition is
Mn×4(C) = U1 ⊕ U2,
for U1 := {(ia|a|ib|b) : a, b ∈ C
n} and U2 := {(−ia|a| − ib|b) : a, b ∈ C
n} (notation by
columns). First, U1 ⊕ U2 = Mn×4(C) is clear since C(i, 1) ⊕ C(−i, 1) = C × C. Second,
we also have hCU1 ⊂ U1 (all works analogously for U2): If B ∈ so(n)
C ≡ so(n,C), then B ·
(ia|a|ib|b) = (iBa|Ba|iBb|Bb) ∈ U1; and, if C ∈ I
−, then C · (ia|a|ib|b) ≡ (0, C)((ia|a|ib|b), 0)
= (−(ia|a|ib|b)C, 0) ∈ U1, since
(23)
j1 · (ia|a|ib|b) = (a| − ia| − b|ib),
j2 · (ia|a|ib|b) = (ib|b| − ia| − a),
j3 · (ia|a|ib|b) = (b| − ib|a| − ia).
Third, to check the irreducibility of each Ui, we observe that both Ui are isomorphic to the
hC-module U = Cn × Cn = {(a, b) : a, b ∈ Cn} endowed with the action given by
• for B ∈ so(n,C), B · (a, b) := (Ba,Bb) (so U is sum of two copies of the natural
so(n,C)-irreducible representation Cn, each column is a copy);
• the action of (I−)C ∼= sl(2,C) = Span
{
H =
(
1 0
0 −1
)
, E =
(
0 1
0 0
)
, F =
(
0 0
−1 0
)}
is by right multiplication:
(24) (a, b)H = (a,−b), (a, b)E = (0, a), (a, b)F = (−b, 0);
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(so U is sum of n copies of the two-dimensional sl(2,C)-module V (1):2 each row of
(a, b) viewed as a matrix in Mn×2(C) is such a copy).
It is enough to call H = ij1, E =
1
2 (−j2 + ij3) and F =
1
2 (j2 + ij3) to pass from (23) to (24),
thus getting that U1 is isomorphic to U . In order to clarify the irreducibility of U , let us assume
that 0 6= W 6= U is an hC-submodule of U . ThenW must be an so(n,C)-submodule isomorphic
to Cn, that is, either W = {(a, αa) : a ∈ Cn} for some fixed α ∈ C or W = {(0, a) : a ∈ Cn}.
But none of these are invariant for the action of sl(2,C) given by (24). This finishes the proof
that mC ∼= 3C⊕ 2U is the decomposition of mC as a sum of irreducible hC-submodules.
Lemma 4.11. If g = h ⊕ m is the reductive decomposition related to M = SO(k)SO(k−4)×Sp(1) for
k ≥ 7, then
dim
R
Homh(m⊗m,m) = 63, dim
R
Homh(m,Λ
2m) = 30, dim
R
Homh(Λ
3m,R) = 10.
Proof. As mentioned, we can also apply Corollary 3.8 to the complex (semisimple) algebra
hC = so(n,C)⊕ sl(2,C) for n = k − 4 ≥ 3 and to the hC-module mC. First, we observe that
HomhC(U ⊗ U ,U) = 0, since, as sl(2,C)-module, U is isomorphic to nV (1) and hence
U ⊗ U ∼= nV (1)⊗ nV (1) ∼= n2V (2) ⊕ n2V (0).
Thus, HomhC(S
2U ,U) = HomhC(Λ
2U ,U) = 0. Second, we are going to see that HomhC(S
2U ,C)
= 0 and that the (complex) dimension of HomhC(Λ
2U ,C) is one. Indeed, U is isomorphic to
2Cn as so(n,C)-module, so that U ⊗ U ∼= 4Cn ⊗Cn contains four copies of the trivial module
(namely, Λ2Cn is the adjoint module and S2Cn is sum of a trivial one-dimensional module
and V (2λ1)). In other words, there is a four-parametric family of so(n,C)-invariant maps
U × U → C given by
ρ((a, b), (c, d)) = s1a
tc+ s2a
td+ s3b
tc+ s4b
td,
for some scalars si ∈ C. The map ρ is also sl(2,C)-invariant if, and only if, s1 = s2 + s3 =
s4 = 0. For instance, the equalities s2 + s3 = s4 = 0 are obtained directly from the fact that
0 = ρ((a, b)E, (c, d)) + ρ((a, b), (c, d)E) = ρ((0, a), (c, d)) + ρ((a, b), (0, c))
= s3a
tc+ s4a
td+ s2a
tc+ s4b
tc
for all a, b, c, d ∈ Cn. Also s1 = 0 is achieved by changing E with F above. Therefore, we
obtain the unique (up to scalar) hC-invariant map U × U → C given by
ρ((a, b), (c, d)) = atd− btc,
which is alternating. This gives the first two desired dimensions.
For the third dimension, that one of HomhC(Λ
3mC,C), observe that the module
Λ3mC ∼= 2Λ3U ⊕ 2(Λ2U ⊗ U)⊕ 9Λ2U ⊕ 3S2U ⊕ 6U ⊕ C
only contains trivial submodules on the summand Λ2U (one copy of C on each Λ2U), because,
paying attention to the sl(2,C)-action, there are copies of V (0) neither in V (1)⊗3 nor in
(V (2)⊕ V (0))⊗ V (1) nor in S2V (1) ∼= V (2). Consequently, there are just 9 + 1 copies of the
trivial one-dimensional module inside Λ3mC. 
2Recall that there is exactly one irreducible sl(2,C)-module of each dimension n + 1, which is frequently
denoted by V (n). It coincides with V (n) ∼= Sn(V (λ1)). In particular V (1) ∼= V (λ1) ∼= C2 is given by the
columns.
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4.4. Exceptional Cases G2Sp(1) ,
F4
Sp(3) ,
E6
SU(6) ,
E7
Spin(12) ,
E8
E7
. Here we provide a model
of the reductive decompositions and hence also of the 3-Sasakian structures related to the
exceptional Lie algebras. Our approach will be based on the famous Tits’ unified construction.
Actually, it is not necessary for our purposes of computing dimensions, but we include it here
for completeness and beauty.
Let C be a (finite-dimensional) real division algebra, that is, C ∈ {R,C,H,O}. Then C is
endowed with a nonsingular quadratic form n : C → R, usually called the norm, such that
n(xy) = n(x)n(y). That is, n is multiplicative, or C is a composition algebra. Each element
a ∈ C satisfies a quadratic equation (with real coefficients) a2 − tC(a)a + n(a)1 = 0, where
tC(a) = n(a + 1) − n(a) − 1 is called the trace. Denote by C0 = {a ∈ C : tC(a) = 0}
the subspace of traceless elements. Note that [a, b] = ab − ba ∈ C0 for any a, b ∈ C, since
tC(ab) = tC(ba). The map − : C → C given by a¯ = tC(a)1 − a is an involution such that
n(a) = aa¯ and tC(a)1 = a + a¯ hold. Furthermore, for any a, b ∈ C, the endomorphism
Da,b := [la, lb] + [la, rb] + [ra, rb] is a derivation of C, where la(b) = ab and ra(b) = ba denote
the left and right multiplication operators. These are quite representative derivations, since
Der(C) = Span{Da,b : a, b ∈ C} ≡ DC,C . Their main properties are summarized here:
(25) Da,b = −Db,a, Dab,c +Dbc,a +Dca,b = 0, [d,Da,b] = Dd(a),b +Da,d(b),
for any a, b, c ∈ C and d ∈ Der(C).
Recall that a basis of the octonion algebra O is {1, i, j,k, l, il, jl,kl}, where the product
is given by q1(q2l) = (q2q1)l, (q1l)(q2l) = −q¯2q1 and (q2l)q1 = (q2q¯1)l for any qi ∈ H =
Span{1, i, j,k}. The norm is determined by n(H, l) = 0 and n(l) = 1, being n|H the usual
norm of the quaternion algebra.
A commutative algebra J satisfying the Jordan identity (x2y)x = x2(yx) is called a Jordan
algebra. The Jordan algebras relevant for our purposes are R and H3(C) = {x = (xij) ∈
M3(C) : x¯
t ≡ (xji) = x}, for C one of the previous composition algebras, where the product
in J = H3(C) is given by
x · y =
1
2
(xy + yx),
denoting here by juxtaposition the usual product of matrices. (This product · is usually called
the symmetrized product.) We have a decomposition J = RI3 ⊕ J0, for J0 = {x ∈ J : tr(x) =
0} the subspace of traceless matrices. (This can be extended to J = R by considering J0 = 0.)
We also have a commutative multiplication ∗ on J0, defined by x∗y := x ·y−
1
3 tr(x ·y)I3 ∈ J0.
Denote by Rx : J → J , y 7→ y · x the multiplication operator, and observe that [Rx, Ry] ∈
Der(J) for any x, y ∈ J .
The beautiful unified Tits’ construction of all the exceptional simple Lie algebras, [42], is
reviewed here only for compact real exceptional Lie algebras, although it is valid in a wider
context. For C and C′ two real division composition algebras and the Jordan algebra given by
either J = R or J = H3(C
′), consider the vector space
(26) T (C, J) = Der (C)⊕ (C0 ⊗ J0)⊕Der (J),
which is made into a (compact) Lie algebra by defining the (bilinear and anticommutative)
multiplication [ , ] on T (C, J) which agrees with the ordinary commutator in Der(C) and
Der(J) and is specified by:
(27)
[ Der(C),Der(J)] = 0, [d, a⊗ x] = d(a)⊗ x, [D, a⊗ x] = a⊗D(x),
[a⊗ x, b⊗ y] = 13 tr(xy)Da,b + [a, b]⊗ (x ∗ y) + 2tC(ab)[Rx, Ry],
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for all d ∈ Der(C), D ∈ Der(J), a, b ∈ C0 and x, y ∈ J0. (If J = R, note that T (C,R) =
Der (C).) Then:
T (C, J) R H3(R) H3(C) H3(H) H3(O)
H sp(1) sp(3) su(6) so(12) e7
O g2 f4 e6 e7 e8
For each Jordan algebra J1 = R, J2 = H3(R), J
3 = H3(C), J
4 = H3(H), J
5 = H3(O), we
take the Lie algebras constructed by the above process: gs = T (O, Js) and hs = T (H, Js), so
that hs can be trivially considered as a subalgebra of gs. If κ : gs×gs → R denotes the (negative
definite) Killing form, we will take ms the orthogonal complement to hs with respect to κ. In
order to describe ms explicitly, we focus first on the case J1 = R and g1 = Der(O) ∼= g2.
The Z2-grading on O = O0 ⊕O1 = H⊕Hl induces a Z2-grading on Der(O) with
(g1)0 = Der(O)0 = {d ∈ Der(O) : d(H) ⊂ H, d(Hl) ⊂ Hl},
(g1)1 = Der(O)1 = {d ∈ Der(O) : d(H) ⊂ Hl, d(Hl) ⊂ H}.
As O is generated (as an algebra) by Hl, any derivation d ∈ (g1)0 is determined by its
restriction to Hl, so that
(g1)0 −→ so(Hl, n) ∼= so(4), d 7→ d|Hl
is an isomorphism of Lie algebras and then (g1)0 is isomorphic to two copies of sp(1) as in
Section 4.3. To be precise, we introduce the derivations
d−a : O → O
q 7→ [a, q]
ql 7→ (qa)l,
d+a : O → O
q 7→ 0
ql 7→ (aq)l,
for any a ∈ H0 (q ∈ H), so that I
σ = {dσa : a ∈ H0} is isomorphic to (H0, [ , ])
∼= sp(1)
for each σ ∈ {±} and (g1)0 = I
− ⊕ I+ is sum of two simple ideals. Consider the subalgebra
h1 = I−, isomorphic to Der(H) = T (H,R). We are in the situation of (13), so that we have
m1 = I+ ⊕ (g1)1. In order to check Eq. (14), we have to dive a little bit in the module
structures. Taking into account that DOi,Oj ⊂ Der(O)i+j (subindices in Z2), then (g
1)1 =
DH0,Hl. As I
+ = {d ∈ Der(O) : d(H) = 0} acts on (g1)1 by [d
+
a ,Db,ql] = Db,(aq)l, this tells
that (g1)1 = Di,Hl ⊕ Dj,Hl is sum of two (irreducible) I
+-modules, each one working as the
H0-module H under the left multiplication. (For these arguments, we have used (25).) Hence,
the complexification (g1)C1 breaks as 4 copies of the (I
+)C ∼= sl(2,C)-module V (1). Even
more, it is not difficult to prove ([8] for more details) that (g1)1 is an absolutely irreducible
(g1)0-module whose complexification becomes
(g1)C1
∼= V (1)⊗ V (3),
the tensor product of the (I+)C-module of type V (1) with the (I−)C-module of type V (3).
In particular Eq. (14) is satisfied so that Theorem 4.2 tells that G2/Sp(1) is a 3-Sasakian
manifold. Another consequence is that (m1)C ∼= 3C⊕ 2V (3) is the decomposition as a sum of
(h1)C-irreducible submodules, and Corollary 3.8 can be applied.
All the remaining reductive decompositions for the exceptional cases can be obtained from
the above case (note hr ⊂ hs and gr ⊂ gs if r < s), namely,
hs = I− ⊕Der(Js)⊕H0 ⊗ J
s
0 ,
ms = I+ ⊕DH0,Hl ⊕Hl⊗ J
s
0 .
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Indeed, the next (symmetric) decomposition easily provides a Z2-grading on g
s = T (O, Js):
(gs)0 = Der(O)0 ⊕ (O0)0 ⊗ J
s
0 ⊕Der(J
s) = I+ ⊕ hs,
(gs)1 = Der(O)1 ⊕ (O0)1 ⊗ J
s
0 ,
in such a way that [I+, hs] = 0, so that (13) holds. It is well-known that (gs)1 is a (g
s)0-
irreducible module (see [33, Chapter 8]), moreover, absolutely irreducible. To be precise,
(gs)C0
∼= sl(2,C) ⊕ (hs)C, where the Lie algebra (hs)C is isomorphic to
sl(2,C) (A1), sp(6,C) (C1), sl(6,C) (A5), so(12,C) (D6), e
C
7 (E7),
if s = 1, 2, 3, 4, 5 respectively; and (gs)C1 is isomorphic to the tensor product of the natural
sl(2,C)-module C2 ≡ V (1) with certain irreducible (hs)C-module Ws which can be identified
[25, Eq. 2.23] with the vector space
Ws =
{(
α x
y β
)
: α, β ∈ C, x, y ∈ (Js)C
}
,
of dimension 4, 14, 20, 32 and 56 respectively. In terms of dominant weights,
(gs)C1
∼=

C
2 ⊗ V (3) if s = 1,
C
2 ⊗ V (λ3) if s = 2,
C
2 ⊗ V (λ3) if s = 3,
C
2 ⊗ V (λ5) if s = 4,
C
2 ⊗ V (λ7) if s = 5.
This gives Eq. (14), so that Theorem 4.2 gives the 3-Sasakian structure, where now ξi =
d+ji
∈ Der(O) ∩ ms if i = 1, 2, 3 (for all s = 1, . . . , 5). In particular, (ms)C ∼= 3C ⊕ 2Ws is a
(hs)C-module isomorphism, which is the condition to apply Corollary 3.8.
Two comments are in order. First, there is an abuse of notation, because λi is used si-
multaneously for the fundamental weight relative to different Lie algebras. We think that
this is clear from the context. For s = 4, more relevant is the fact that there are two valid
decompositions, the other one being (m4)C ∼= 3C ⊕ 2V (λ6). Note that V (λ5) and V (λ6) are
not isomorphic D6-modules, but dual, while the own adjoint module D6 is self-dual. This
explains why the existence of one reductive decomposition implies the other one.
With all this information, it is quite easy to compute the desired dimensions.
Lemma 4.12. If gs = hs⊕ms is the reductive decomposition related to the homogeneous man-
ifold G2/Sp(1), F4/Sp(3), E6/SU(6), E7/Spin(12) and E8/E7, respectively, for s = 1, . . . , 5,
then dimRHomhs(m
s ⊗ms,ms) = 63, dimRHomhs(m
s,Λ2ms) = 30, and dimRHomhs(Λ
3ms,R)
= 10.
Proof. Once again, we apply Corollary 3.8 for U the (hs)C-irreducible module of type V (3),
V (λ3), V (λ3), V (λ5) and V (λ7) respectively (if s = 1, . . . , 5). Indeed,
(s = 1) S2U ∼= V (6)⊕ V (2) and Λ2U ∼= V (4) ⊕ C;
(s = 2) S2U ∼= V (2λ1)⊕ V (2λ3) and Λ
2U ∼= V (2λ2)⊕ C;
(s = 3) S2U ∼= V (λ1 + λ5)⊕ V (2λ3) and Λ
2U ∼= V (λ2 + λ4)⊕ C;
(s = 4) S2U ∼= V (2λ5)⊕ V (λ2) and Λ
2U ∼= V (λ4)⊕ C;
(s = 5) S2U ∼= V (2λ7)⊕ V (λ1) and Λ
2U ∼= V (λ6)⊕ C.
Then, HomhC(S
2U,U) = HomhC(Λ
2U,U) = HomhC(S
2U,C) = 0, and the complex dimension
of HomhC(Λ
2U,C) is one. Now, by Corollary 3.8, we conclude that dimRHomhs(m
s⊗ms,ms) =
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63 and dimRHomhs(m
s,Λ2ms) = 30. The third searched dimension is equal to 10, as a
consequence of the fact that neither Λ3U nor Λ2U ⊗ U contains any trivial submodule:
(s = 1) Λ2U ⊗ U ∼= V (7)⊕ V (5) ⊕ 2V (3) ⊕ V (1) and Λ3U ∼= V (3);
(s = 2) Λ2U ⊗ U ∼= V (2λ2 + λ3) ⊕ V (λ1 + 2λ2) ⊕ V (2λ1 + λ3) ⊕ V (λ1 + λ2) ⊕ 2V (λ3);
Λ3U ∼= V (λ1 + 2λ2)⊕ V (λ3);
and so on. 
4.5. Case M = SU(m)
S(U(m−2)×U(1)) with m ≥ 3. This family of homogeneous manifolds has
attached the following reductive decomposition, for n = m− 2 ≥ 1:
g = su(m) = {A ∈ Mm(C) : A+ A¯
t = 0, tr(A) = 0},
the subalgebra (with matrices written by blocks 1 + n+ 1)
h =

 − tr(B)2 0 00 B 0
0 0 − tr(B)2
 : B ∈ u(n)

and the complementary subspace
m =

 αi zt2 w−z¯2 0 z1
−w¯ −z¯t1 −αi
 : z1, z2 ∈ Cn, w ∈ C, α ∈ R
 .
Observe that, in this case, h ∼= u(n) is not semisimple. In fact, we have the decomposition
h = Z(h) ⊕ [h, h] with a one-dimensional center Z(h) = RiIn and [h, h] ∼= su(n), which is
simple if n 6= 1 while is 0 if n = 1. Thus, if n = 1, the algebra h is one-dimensional and hence
abelian. Also, let us note that κ(h,m) = 0 for κ the Killing form of g, and dimR m = 4n+ 3.
In order to understand m as h-module, we use the above suggested identifications h ∼= u(n)
and m ∼= Cn ⊕Cn ⊕ su(2) given by
(28)
 − tr(B)2 0 00 B 0
0 0 − tr(B)2
 7→ B,
 αi zt2 w−z¯2 0 z1
−w¯ −z¯t1 −αi
 7→ (z1, z2)+( αi w−w¯ −αi
)
.
Thus, the action of h on m is translated from the bracket [h,m] ⊂ m and can be expressed in
these terms as
(29) B ·
(
(z1, z2) +
(
αi w
−w¯ −αi
))
=
((
B +
tr(B)
2
In
)
z1,
(
B¯ −
tr(B)
2
In
)
z2
)
,
for In the identity matrix. (In particular, iIn · (z1, z2) =
(
1 + n2
)
i(z1,−z2).) In other words,
m can be decomposed as m = m1 ⊕m2 ⊕m3, the sum of the following h-submodules:
• m1 ≡ {(z1, 0) : z1 ∈ C
n}, which is, as [h, h] ∼= su(n)-module, isomorphic to the
natural module Cn (hence irreducible), while the center Z(h) acts scalarly by (iIn)z1 =(
1 + n2
)
iz1;
• m2 ≡ {(0, z2) : z2 ∈ C
n}, which is, as su(n)-module, irreducible and isomorphic to
(Cn)∗, the dual of the natural module, while the center Z(h) acts scalarly by (iIn)z2 =
−
(
1 + n2
)
iz2;
• m3 ≡ {X : X ∈ su(2)}, which is a trivial 3-dimensional h-module.
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Note that, if n = 1, the decomposition m = m1 ⊕m2 ⊕m3 still works, but now these pieces
are not irreducible. To deal with this case, we simply forget the [h, h]-action, taking only into
account that (iI1)z1 =
3
2 iz1 and (iI1)z2 = −
3
2 iz2.
We can do a initial comparison with our previous cases of reductive decompositions related
to 3-Sasakian homogeneous manifolds. First, as mentioned, h is not semisimple now. Second,
we have the Z2-grading required for a 3-Sasakian data g0 = h ⊕ m3 and g1 = m1 ⊕ m2, since
m3 ∼= su(2) ∼= sp(1) and [m3, h] = 0. But in this case g1 is not h-irreducible, since m1 and
m2 are proper h-submodules. This makes more delicate to prove Eq. (14), as well as our
computation of dimensions.
Thus, let us begin to study how is mC as hC-module. First we address the issue n 6= 1.
Denote by V the sl(n,C)-natural module Cn (that is, the action is given by column multipli-
cation). Let V+ and V
∗
− be the gl(n,C) = (sl(n,C) ⊕ CIn)-modules which are V and V
∗ as
sl(n,C)-modules, and where the action of In is (1 +
n
2 )id and −(1 +
n
2 )id, respectively. Our
purpose is to prove that
(30) mC ∼= 3C⊕ 2V+ ⊕ 2V
∗
−
is the decomposition of mC as a sum of irreducible hC-submodules, so that we can apply
Lemma 3.7 again. More precisely, we prove mC1
∼= mC2
∼= V+ ⊕ V
∗
−, in spite that m1 6
∼= m2.
Recall that hC = h ⊗R C ∼= gl(n,C) = u(n) ⊕ u(n)i, since any A ∈ gl(n,C) can be written
as
A = A0 +A1i for A0 =
1
2
(A− A¯t), A1 = −
i
2
(A+ A¯t) ∈ u(n).
Besides, if A ∈ sl(n,C), then A0, A1 ∈ su(n). The action of gl(n,C) on (C
n)C obtained as a
complexification of an action ⋄ of su(n) on Cn is defined by
A ⋄ (z ⊗ 1 + w ⊗ i) = (A0 ⋄ z −A1 ⋄ w)⊗ 1 + (A0 ⋄ w +A1 ⋄ z)⊗ i,
for any A ∈ hC (viewed as A0 ⊗ 1 +A1 ⊗ i), z, w ∈ C
n. In particular, In ⋄ (z ⊗ 1 + w ⊗ i) =
(iIn ⋄ w)⊗ 1− (iIn ⋄ z)⊗ i. This gives, jointly with Eq. (29),
(31)
A · (z1 ⊗ 1− iz1 ⊗ i, 0) = (Az1 ⊗ 1− i(Az1)⊗ i, 0),
A · (z1 ⊗ 1 + iz1 ⊗ i, 0) = (−A¯
tz1 ⊗ 1− i(A¯
tz1)⊗ i, 0),
A · (0, z2 ⊗ 1− iz2 ⊗ i) = (0,−A
tz2 ⊗ 1 + i(A
tz2)⊗ i),
A · (0, z2 ⊗ 1 + iz2 ⊗ i) = (0, A¯z2 ⊗ 1 + i(A¯z2)⊗ i),
for any A ∈ sl(n,C), z1, z2 ∈ C
n, while In acts scalarly with eigenvalue λ := 1 +
n
2 on
(32) {(z1 ⊗ 1− iz1 ⊗ i, 0) : z1 ∈ C
n} ⊕ {(0, z2 ⊗ 1 + iz2 ⊗ i) : z2 ∈ C
n}
and with eigenvalue −(1 + n2 ) on
(33) {(z1 ⊗ 1 + iz1 ⊗ i, 0) : z1 ∈ C
n} ⊕ {(0, z2 ⊗ 1− iz2 ⊗ i) : z2 ∈ C
n}.
Let us denote by H : Cn ×Cn → C the usual Hermitian product given by H(u, v) = utv¯, and
by 〈 , 〉 : Cn × Cn → C the usual scalar product given by 〈u, v〉 = utv. Now, it is a direct
consequence from (31) that the following maps
mC1
∼= Cn ⊕ (Cn)∗
(z1 ⊗ 1− iz1 ⊗ i, 0) 7→ z1
(z1 ⊗ 1 + iz1 ⊗ i, 0) 7→ H(−, z1),
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and
mC2
∼= (Cn)∗ ⊕ Cn
(0, z2 ⊗ 1− iz2 ⊗ i) 7→ 〈z2,−〉
(0, z2 ⊗ 1 + iz2 ⊗ i) 7→ z¯2,
are isomorphisms of [hC, hC]-modules. Also, Eqs. (32) and (33) tell that they are isomorphisms
of hC-modules when we consider the scalar action of In ∈ Z(h
C) on Cn and (Cn)∗ with
eigenvalue λ and −λ respectively. This finishes the proof of Eq. (30).
The case n = 1 has to be considered separately. Denote by Vs, s ∈ Z, the one-dimensional
C-vector space in which I1 acts scalarly with eigenvalue 3/2 s. Thus m
C is isomorphic to the
hC ∼= CI1-module 2V1 ⊕ 3V0 ⊕ 2V−1 (complex dimension 7). It is very useful to observe that
Vs ⊗ Vt ∼= Vs+t for all s, t ∈ Z.
Now, we are in position to prove
Lemma 4.13. If g = h ⊕ m is the reductive decomposition related to the manifold M =
SU(m)
S(U(m−2)×U(1)) , m ≥ 3, then dimRHomh(m ⊗ m,m) = 99, dimRHomh(m,Λ
2m) = 45, and
dimRHomh(Λ
3m,R) = 13.
Proof. Consider first the general case n = m− 2 6= 1. On one hand, by Lemma 3.7 c) and b),
Λ2mC ∼= 3Λ2(V+ ⊕ V
∗
−)⊕ S
2(V+ ⊕ V
∗
−)⊕ 6V+ ⊕ 6V
∗
− ⊕ 3C
∼= 3Λ2V+ ⊕ 3Λ
2V∗− ⊕ 4(V+ ⊗ V
∗
−)⊕ S
2V+ ⊕ S
2V∗− ⊕ 6V+ ⊕ 6V
∗
− ⊕ 3C.
Observe that In acts on Λ
2V+ and on S
2V+ with eigenvalue 2λ, on Λ
2V∗+ and on S
2V∗+ with
eigenvalue −2λ, and on V+ ⊗ V
∗
− with eigenvalue 0, so that the summand 3Λ
2V+ ⊕ 3Λ
2V∗− ⊕
4(V+ ⊗ V
∗
−) ⊕ S
2V+ ⊕ S
2V∗− does not contain any copy of V+ or V
∗
− and moreover, it just
contains 4 copies of the trivial module, because the sl(n,C)-module V ⊗ V∗ is isomorphic to
the adjoint module sl(V) direct sum with a copy of the trivial one. Hence
dimRHomh(m,m ∧m) = 3dimCHomhC(Λ
2mC,C) + 2dimCHomhC(Λ
2mC,V+) 2
= 3(4 + 3) + 2 · 6 · 2 = 45.
Similarly, we check that
mC ⊗mC ∼= 4Λ2(V+ ⊕ V
∗
−)⊕ 4S
2(V+ ⊕ V
∗
−)⊕ 12V+ ⊕ 12V
∗
− ⊕ 9C,
and hence, taking into consideration that in S2(V+ ⊕ V
∗
−)
∼= S2(V+) ⊕ S
2(V∗−) ⊕ (V+ ⊗ V
∗
−)
there is just one copy of C, then
dimRHomh(m⊗m,m) = 3dimCHomhC(m
C ⊗mC,C)
+ 2dimCHomhC(m
C ⊗mC,V+) 2
= 3(4 + 4 + 9) + 2 · 12 · 2 = 99.
Finally, the gl(n,C)-module Λ3mC decomposes as a sum of:
• 2Λ3(V+⊕V
∗
−)⊕ 2
(
Λ2(V+⊕V
∗
−)⊗ (V+⊕V
∗
−)
)
, which does not contain any copy of the
trivial module C, since In ∈ gl(n,C) acts with eigenvalue ±λ ± λ ± λ 6= 0 on any of
the submodules;
• 9 copies of Λ2(V+ ⊕ V
∗
−), each one with a trivial 1-dimensional submodule;
• 3 copies of S2(V+ ⊕ V
∗
−), each one with a trivial irreducible submodule;
• 6V+ ⊕ 6V
∗
− ⊕C.
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In particular Λ3mC just contains 9 + 3 + 1 = 13 copies of C and the result follows.
Consider finally the case n = 1. We obtain the same dimensions as for n 6= 1 for the three
sets of homomorphisms, after computing
mC ⊗mC ∼= 4V2 ⊕ 12V1 ⊕ 17V0 ⊕ 12V−1 ⊕ 4V−2;
Λ2mC ∼= V2 ⊕ 6V1 ⊕ 7V0 ⊕ 6V−1 ⊕ V−2;
Λ3mC ∼= 3V2 ⊕ 8V1 ⊕ 13V0 ⊕ 8V−1 ⊕ 3V−2;
and applying Lemma 3.6 ii). 
Remark 4.14. It is a remarkable fact that there are more invariant 3-forms on m than in
the remaining 3-Sasakian homogeneous manifolds studied in the previous subsections. We
can provide a explicit description of the related 13 linear independent 3-forms. Consider first
{ξi, ηi, ϕi}
3
i=1 and the metric g as in Theorem 4.2. Use our previous identification of m with
C
n⊕Cn⊕ su(2), writing the elements as a sum of a pair of vectors and a matrix in su(2). As
the Killing form of su(m) is κ(x, y) = 2m tr(xy), it is easy to check that
g((z, w), (u, v)) =
1
2
Re(ztu¯+ wtv¯),
for any z, w, u, v ∈ Cn, and
(34) ϕ1(z, w) = (iz, iw), ϕ2(z, w) = (−w¯, z¯), ϕ3(z, w) = (−iw¯, iz¯).
This allows to check that the 2-forms Φi’s restricted to C
n ⊕ Cn ≤ m are given by
Φi((z, w), (u, v)) =

Im(ztu¯+ wtv¯)/2 i = 1,
Re(−ztv + wtu)/2 i = 2,
Im(−ztv + wtu)/2 i = 3.
Finally, take h =
(
1 + n2
)−1(−ni2 0 0
0 iIn 0
0 0 −
ni
2
)
∈ h and the endomorphism ϕ0 = adh|m ∈
ad h|m ⊂ Endh(m). By Eq. (29),
(35) ϕ0(z, w) = (iz,−iw) and ϕ0|su(2) = 0,
so that the related h-invariant 2-form Φ0(−,−) = g(−, ϕ0(−)) satisfies
Φ0((z, w), (u, v)) =
1
2
Im(ztu¯− wtv¯).
As [h, sp(1)] = 0, we obtain ϕ0ϕi = ϕiϕ0, for any i = 1, 2, 3. It is also clear that g(ϕ0X,Y ) +
g(X,ϕ0Y ) = 0. As a consequence, the extra 3-forms are ηi ∧ Φ0, i = 1, 2, 3, which are of
course linearly independent. 
In order to use Theorem 4.2 to assert that {ξi, ηi, ϕi}
3
i=1 is in fact a 3-Sasakian structure,
we need to show that the gC0 -module g
C
1 is isomorphic to the g
C
0
∼= sl(2,C) ⊕ sl(n,C)-module
gC1
∼= C2 ⊗ (V+ ⊕ V
∗
−).
We know that this is true as hC-modules, by Eq. (30). We also know ([30]) that any irreducible
gC0 -submodule Wi of g
C
1 is the tensor product of an irreducible sl(2,C)-module Vi with an
irreducible sl(n,C)-module Ui, so that g
C
1 =
∑
i Vi ⊗ Ui is isomorphic as sl(n,C)-module to∑
i(dimVi)Ui
∼= 2V ⊕ 2V∗. We would like to prove that dimVi = 2 for any i. By dimension
count, the only other possibility would be dim Vi = 1 for some i, but then there would be
a trivial sl(2,C)-submodule of gC1 of dimension n. This would give a contradiction, because
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the sl(2,C)-action on gC1 is complexified of the action of ϕi’s described in Eq. (34), obviously
never trivial: ϕ2i |g1 = −id.
4.6. Several general algebraical comments. We have shown that Homh(m ⊗ m,m) is a
real vector space of dimension 63 in all the cases with G 6= SU(m). This was observed in the
case G2/SU(2) ([8]) and on the spheres S
4n+3 under the action of the symplectic group ([24]).
We are going to describe this set in an unified notation, which can obviously be extended to
obtain concrete expressions of the invariant affine connections.
Proposition 4.15. Assume the previous situation with g = g0⊕g1 6= su(m). Given πQ : m→
m the projection onto the second factor relative to the decomposition m = sp(1) ⊕ g1, and
Xh = π
Q
(X) if X ∈ m. Let θ : m × m → m × m be the interchanging map θ(X,Y ) = (Y,X)
and let κ be the Killing form of g. Then a basis of the vector space Homh(m⊗m,m) is provided
by the following bilinear maps
(36)
{
αrst, β0s, βrs, β0s ◦ θ, βrs ◦ θ, γ0s, γrs : r, s, t = 1, 2, 3
}
,
which are defined, for any X,Y ∈ m, by
αrst(X,Y ) = ηr(X)ηs(Y )ξt,
β0s(X,Y ) = ηs(X)Y
h, βrs(X,Y ) = ηs(X)ϕr(Y
h),
γ0s(X,Y ) = κ(X
h, Y h)ξs, γrs(X,Y ) = ηr([X
h, Y h]sp(1))ξs.
Proof. This is simply a corollary of all the previous results, since the set in (36) provides 63
independent elements in Homh(m⊗m,m). 
We would like to dive a little bit more into several algebraical facts concerning the 3-Sasakian
data.
Remark 4.16. The complex module W involved a 3-Sasakian data (Definition 4.1, Eq. (14))
is a (complex) symplectic triple system, as defined in [43]. This means that there exist a triple
product [ , , ] in W and a symplectic form ( , ) : W ×W → C satisfying the following list of
identities, for any x, y, z, u, v, w ∈W :
[x, y, z] = [y, x, z], ([x, y, u], v) = −(u, [x, y, v]),
[x, y, z]− [x, z, y] = (x, z)y − (x, y)z + 2(y, z)x,
[x, y, [u, v, w]] = [[x, y, u], v, w] + [u, [x, y, v], w] + [u, v, [x, y, w]],
Conversely, given any symplectic triple system (W, [ , , ], ( , )), consider the set of inner
derivations inder(W ), that is, the linear span of the operators [x, y,−] ∈ sp(W, ( , )). Then,
inder(W ) is a Lie subalgebra of gl(W ) and g = g0 ⊕ g1 is a Z2-graded Lie algebra for
g0 = sp(V )⊕ inder(W ), g1 = V ⊗W,
being V a two dimensional vector space endowed with a nonzero symplectic form. According
to [20, Theorem 5.3], g is a simple algebra if, and only if, W is simple as a symplectic triple
system, which is our situation.
These symplectic triple systems appeared as ingredients in the constructions of 5-graded Lie
algebras g = ⊕2i=−2gi with one dimensional corners: dim g±2 = 1. They are strongly related
to Freudenthal triple systems and to Faulkner ternary algebras (see [20] for more details and
references). A natural question on 3-Sasakian homogeneous manifolds is how the curvature
tensor could be naturally expressed by means of this ternary product. 
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Remark 4.17. We have proved that we have a 3-Sasakian data on each of our cases, so
that the 3-Sasakian structure is described by Theorem 4.2. We have used a case-by-case test
proving gC1
∼= C2 ⊗W . But now we would like to prove that some conditions are sufficient to
assure Eq. (14) starting with Eq. (13), that is, with the Z2-grading g = g0 ⊕ g1 whose even
part is sum of the ideals g0 = sp(1)⊕ h. Namely,
If g is simple, h is semisimple and g1 is an h-irreducible module
(i. e. G 6= SU(m)), then Eq. (14) holds.
Indeed, as [sp(1), h] = 0 and [sp(1), g1] ⊂ [g0, g1] ⊂ g1, then it holds ad(sp(1))|g1 ⊂ Endh(g1).
Besides [sp(1), g1] 6= 0 since otherwise sp(1) would be an ideal of g, hence sp(1) ∼= ad(sp(1))|g1 .
As the (finite-dimensional) centralizer Endh(g1) is a real division associative algebra (conse-
quently of dimension either 1 or 2 or 4) containing a copy of H0, then such centralizer has
to be isomorphic to H. If h is simple, [21, Lemma 5.7] tells that gC1 is sum of two isomor-
phic irreducible hC-modules (and it has real dimension multiple of 4). On the other hand,
every irreducible module for a complex semisimple algebra is isomorphic to the tensor prod-
uct of irreducible modules for the simple components. That is, we know that, as gC0 -modules,
gC1
∼=
∑
i Vi⊗Ui with Vi an irreducible sp(1)
C-module and Ui an irreducible h
C-module. Hence,
as hC-module, gC1
∼=
∑
i(dim Vi)Ui, so that all Ui are isomorphic h
C-modules (to certain W )
and
∑
i dimVi = 2, which was the number of irreducible h
C-submodules of gC1 . We are not
in the situation of two summands with dim Vi = 1 for i = 1, 2, since in such a case, the
sp(1)-action on g1 would be trivial. Thus g
C
1
∼= V ⊗W for V an irreducible sp(1)C-module
of dimension 2. But there is only one nontrivial sp(1)C = sl(2,C)-module of dimension 2,
the natural module C2, so that Eq. (14) holds. The proof in the semisimple case is the same
one, taking into account that [21, Lemma 5.7] can be adapted to such hypothesis: only the
complete reducibility was used through the proof.
Observe also that we can change the hypothesis “g simple” with the hypothesis “sp(1) is
not an ideal of g”. 
5. Invariant Affine Connections with Skew-Symmetric Torsion
In this section, first we geometrically describe the set of invariant metric affine connections
with skew torsion. Second, we determine which of them are Einstein with skew torsion. Third,
we characterize those with symmetric Ricci tensor. Fourth, we consider a notion generalizing
that one of Einstein with skew torsion, namely, when the Ricci tensor is a multiple of the
metric on the canonical horizontal and vertical distributions, but with different factors. Fifth,
we find a distinguished affine connection in the above family, characterized by parallelizing all
the Reeb vector fields associated with the 3-Sasakian structure. Finally, we study the invariant
affine connections with parallel skew torsion.
5.1. Invariant Affine Connections. Here we give a basis of the space Homh(∧
3m,R), which
is used to describe explicitly the set of all invariant affine connections with skew torsion (in
particular, they are metric) on a homogeneous 3-Sasakian manifold.
Let (M = G/H, g) be a 3-Sasakian homogeneous manifold with a fixed reductive decompo-
sition as in (6). We will focus on dimension at least 7, since the 3-dimensional sphere S3 has
been previously studied in [22]. Let {ξi, ηi, ϕi}i=1,2,3 be three compatible Sasakian structures
on M . Also recall, for any X,Y ∈ X(M), the 2-forms Φi(X,Y ) = g(X,ϕiY ). We put X
v the
component of X in the vertical distribution Q⊥, i. e., Xv =
∑3
j=1 ηj(X)ξj , and we consider
the unique vectorial product here such that ξ1 × ξ2 = ξ3 (that is, × =
1
2 [ , ]). In particular,
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ηr ∧ Φs(X1,X2,X3) =
∑3
i=1 ηr(Xi)Φs(Xi+1,Xi+2) (indices modulo 3).
3 Denote by T o and
T rs the (1, 2)-tensors given by
(37) η1 ∧ η2 ∧ η3(X,Y,Z) = g(T
o(X,Y ), Z), ηr ∧ Φs(X,Y,Z) = g(T
rs(X,Y ), Z),
for any X,Y,Z ∈ X(M) and r, s ∈ {1, 2, 3}. For the SU-case, it will also be convenient to
introduce the tensors T r0 given by (see Remark 4.14)
ηr ∧ Φ0(X,Y,Z) = g(T
r0(X,Y ), Z).
Lemma 5.1. i) For G 6= SU(m), the set {η1 ∧ η2 ∧ η3} ∪ {ηr ∧ Φs : r, s = 1, 2, 3} at the
point o is a basis of Homh(∧
3m,R).
ii) For G = SU(m), m ≥ 3, the set {η1 ∧ η2 ∧ η3} ∪ {ηr ∧ Φs : r = 1, 2, 3, s = 0, 1, 2, 3} at
the point o is a basis of Homh(∧
3m,R).
iii) For any X,Y ∈ X(M), r = 1, 2, 3, s = 0, 1, 2, 3, we have
T o(X,Y ) = Xv × Y v, T rs(X,Y ) = −ηr(X)ϕsY + ηr(Y )ϕsX +Φs(X,Y )ξr.
Proof. For item i), recall that all G-homogeneous 3-Sasakian manifolds with G 6= SU(m)
satisfy dimRHomh(∧
3m,R) = 10. Thus, we only need to check the linear independence of the
set given in i). Indeed, consider a linear combination a η1 ∧ η2 ∧ η3 +
∑3
r,s=1 brs ηr ∧ Φs = 0.
Given a unit vector X ∈ m in the horizontal subspace g1, we take (Y1, Y2, Y3) = (ξi, ϕjX,X).
Then, taking into account that g(ϕjX,ϕsX) = δjsg(X,X) = δjs, we compute
0 =
(
a η1 ∧ η2 ∧ η3 +
∑3
r,s=1 brs ηr ∧ Φs
)
(Y1, Y2, Y3)
=
∑3
r,s=1 brs
∑3
k=1 ηr(Yk)Φs(Yk+1, Yk+2) =
∑3
r,s=1 brs δrig(ϕjX,ϕsX) = bij .
Now 0 = a η1 ∧ η2 ∧ η3(ξ1, ξ2, ξ3) = a. This shows the linear independence in case i). The
proof of item ii) is similar, bearing in mind that dimRHomh(∧
3m,R) = 13.
Finally, we get the metrically equivalent torsions to the 3-forms η1 ∧ η2 ∧ η3 and ηr ∧ Φs.
For any X1,X2,X3 ∈ X(M), we have
η1 ∧ η2 ∧ η3(X1,X2,X3) =
∑
σ∈S3
(−1)[σ]η1(Xσ(1))η2(Xσ(2))η3(Xσ(3))
= det(Xv1 ,X
v
2 ,X
v
3 ) = g(X
v
1 ×X
v
2 ,X
v
3 ) = g(X
v
1 ×X
v
2 ,X3),
and then T o(X,Y ) = Xv × Y v. Also, since Φs is alternating,
ηr ∧ Φs(X1,X2,X3) = ηr(X1)g(X2, ϕsX3) + ηr(X2)g(X3, ϕsX1) + ηr(X3)g(X1, ϕsX2)
= g (X3,−ηr(X1)ϕsX2 + ηr(X2)ϕsX1 + g(X1, ϕsX2)ξr) ,
so we get the desired expression for T rs. 
Remark 5.2. Note that our hypothesis dimM ≥ 7 is essential for item i). In fact, for
dimM = 3 we have dimHom(Λ3m,R) = 1. 
The above explicit description of the basis of Homh(Λ
3m,R) and Lemma 3.5 provide the
following geometric description for all G-invariant affine connections with skew-symmetric
torsion on 3-Sasakian homogeneous manifolds M with dimM ≥ 7.
3Our convention for the exterior product of a p-form ω1 and a q-form ω2 is the following
ω1 ∧ ω2(X1, . . . , Xp+q) =
1
p!q!
∑
σ∈Sp+q
(−1)[σ]ω1(Xσ(1), . . . , Xσ(p))ω1(Xσ(p+1), . . . , Xσ(p+q)).
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Corollary 5.3. Let M = G/H be a 3-Sasakian homogeneous manifold with dimM ≥ 7.
Then, any G-invariant affine connection on M with skew-symmetric torsion is given by
i) If G 6= SU(m),
(38) ∇ = ∇g +
1
2
aT o + 3∑
r,s=1
brsT
rs
 ,
for some a ∈ R and B = (brs) ∈ M3(R).
ii) If M = SU(m)/S(U(m − 2)×U(1)) with m ≥ 3,
(39) ∇ = ∇g +
1
2
aT o + 3∑
r,s=1
brsT
rs +
3∑
l=1
clT
l0
 ,
for some a ∈ R, (c1, c2, c3)
t ∈ R3 and B = (brs) ∈ M3(R).
As usual, for B = (brs) ∈ M3(R) and c ∈ R
3, we use the notations ‖B‖2 =
∑3
r,s=1 b
2
rs and
‖c‖2 =
∑3
l=1 c
2
l .
5.2. Einstein with skew torsion affine connections. In this section we determine which
of the invariant affine connections with skew torsion on a homogeneous 3-Sasakian manifold
satisfy the Einstein with skew torsion condition (3).
Let us recall that the tensor S ∈ T (0,2)(M) defined in (4) plays a key role in the cur-
vature identities for Riemann-Cartan manifolds with totally skew-symmetric torsion. The
following result provides the expressions of the tensors S for the affine connections given in
(39). Recall that the horizontal distribution is denoted by Q and the vertical distribution by
Q⊥ = Span{ξ1, ξ2, ξ3}.
Proposition 5.4. Let M4n+3 = G/H be a 3-Sasakian homogeneous manifold as in Theorem
2.1, with dimM ≥ 7. Let ∇ be an affine connection on M = G/H given by (39), where c = 0
when G 6= SU(m), m ≥ 3.
i) The tensor S is given, if X,Y are horizontal vector fields, by
S|Q×Q⊥ = 0,
S(ξi, ξk) = 2δik(a− tr(B))
2 + 4n
∑3
s=1 bisbks + 4ncick,
S(X,Y ) = 2(‖B‖2 + ‖c‖2)g(X,Y ) + 4
∑3
s,j=1 bjscjg(ϕ0X,ϕsY ).
ii) The symmetric part of the Ricci tensor is given, if X,Y are horizontal, by
Sym(Ric∇)|Q×Q⊥ = 0,
Sym(Ric∇)(ξi, ξk) =
(
4n+ 2− 12 (a− tr(B))
2
)
δik − n
∑3
s=1 bisbks − ncick,
Sym(Ric∇)(X,Y ) =
(
4n+ 2− ‖B‖
2+‖c‖2
2
)
g(X,Y )−
∑3
s,j=1 bjscjg(ϕ0X,ϕsY ).
iii) The scalar curvature is equal to
s∇ = (4n+ 2)(4n + 3)−
3
2
(a− tr(B))2 − 3n
(
‖B‖2 + ‖c‖2
)
.
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Proof. Denote by T = aT o +
∑3
r,s=1 brsT
rs +
∑3
l=1 clT
l0 the torsion of the connection ∇, but
put cl = 0 and ϕ0 = 0 when G 6= SU(m). Recall that the vertical distribution is preserved by
any ϕs, s = 0, . . . , 3. From Lemma 5.1, it is easy to check that
(40)
T o(X,Y ) = 0, T rs(X,Y ) = Φs(X,Y )ξr,
T o(X, ξj) = 0, T
rs(X, ξj) = δrjϕsX,
T o(ξi, ξi+1) = ξi+2, T
rs(ξi, ξi+1) = −δrsξi+2,
for any X,Y ∈ m horizontal vectors, r = 1, 2, 3, s = 0, 1, 2, 3 (so δr0 = 0). In particular,
T (X,Y ) is vertical, T (X, ξj) is horizontal, and T (ξi, ξj) is vertical.
Then, by taking {ξ1, ξ2, ξ3, V1, . . . , V4n} an orthonormal basis of m, it holds
S(X, ξk) =
3∑
j=1
g(T (X, ξj), T (ξk, ξj)) +
4n∑
j=1
g(T (X,Vj), T (ξk, Vj)) = 0.
For the sake of simplicity, we write br0 = cr. Thus, we have
T (X, ξj) =
3∑
s=0
bjsϕsX, T (X,Y ) =
3∑
r=1
[
3∑
s=0
brsg(X,ϕsY )
]
ξr.
According to the definition of the tensor S in (4),
S(X,Y ) =
3∑
r=1
g(T (X, ξr), T (Y, ξr)) +
4n∑
j=1
g(T (X,Vj), T (Y, Vj))
=
3∑
r=1
3∑
s,u=0
g (brsϕsX, bruϕuY ) +
4n∑
j=1
3∑
r,t=1
g
(
3∑
s=0
brsg(X,ϕsVj)ξr,
3∑
u=0
btug(Y, ϕuVj)ξt
)
.
Taking into account that ϕs ∈ so(m, g) and that g(X,Y ) =
∑4n
j=1 g(X,Vj)g(Y, Vj) holds for
horizontal vectors, then both summands of the above formula are equal and then,
S(X,Y ) = 2
 3∑
s,r,u=1
brsbrug(ϕsX,ϕuY ) +
3∑
s,r=1
brscr (g(ϕsX,ϕ0Y ) + g(ϕ0X,ϕsY ))

+ 2‖c‖2g(X,Y ).
If we recall that ϕsϕu + ϕuϕs = −2δsuidQ for s, u = 1, 2, 3 and ϕ0ϕs = ϕsϕ0, we get
S(X,Y ) = 2(‖B‖2 + ‖c‖2)g(X,Y ) + 4
3∑
s,j=1
bjscjg(ϕ0X,ϕsY ).
For the next steps, we recall from Section 4.5 that ϕ0ϕ1(z, w) = ϕ0(iz, iw) = (−z, w),
ϕ0ϕ2(z, w) = ϕ0(−w¯, z¯) = (−iw¯,−iz¯), ϕ0ϕ3(z, w) = ϕ0(−iw¯, iz¯) = (w¯, z¯), and also ϕ0|m3 = 0.
From the point of view of real linear spaces, the eigenvalues of ϕ0ϕ1|m1⊕m2 are 1,−1, with equal
number of +1 and −1. Then, tr(ϕ0ϕ1) = 0. Also, if we take an orthonormal R-basis of m1⊕m2
of the form ((e1, 0), . . . , (en, 0), (ie1, 0), . . ., (ien, 0), (0, e1), . . . , (0, en), (0, ie1), . . . , (0, ien)), a
simple computation shows that tr(ϕ0ϕ2) = tr(ϕ0ϕ3) = 0.
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We will compute S(ξi, ξk) in two steps. On one hand,
4n∑
j=1
g(T (ξi, Vj), T (ξk, Vj)) =
4n∑
j=1
 3∑
s,u=0
bisbkug(ϕsVj , ϕuVj)

=
4n∑
j=1
 3∑
s,u=1
bisbkuδsu + ck
3∑
s=1
bisg(ϕsVj , ϕ0Vj) + ci
3∑
u=1
bkug(ϕuVj , ϕ0Vj) + cick

= 4n
3∑
s=1
bisbks − tr
( 3∑
s
(ckbis + cibks)ϕsϕ0
)
+ 4ncick = 4n
3∑
s=1
bisbks + 4ncick.
On the other hand, T (ξi, ξi+1) = −T (ξi+1, ξi) =
(
a−
∑3
r=1 brr
)
ξi+2. Then, it holds
3∑
j=1
g(T (ξi, ξj), T (ξk, ξj)) = δik(‖T (ξi, ξi+1)‖
2 + ‖T (ξi, ξi+2)‖
2) = 2δik(a− tr(B))
2,
which gives the required expression for S(ξi, ξk).
Next, taking into account that every 3-Sasakian manifold is Einstein (in the usual sense),
Eq. (5) can be claimed to obtain the expression for the symmetric part of the Ricci tensor.
Finally, the scalar curvature becomes
s∇ =
4n+3∑
k=1
Sym(Ric∇)(ek, ek)
= 3
[
4n + 2−
1
2
(a− tr(B))2
]
− n‖B‖2 − n‖c‖2 +
(
4n+ 2−
1
2
(
‖B‖2 + ‖c‖2
))
4n
+
∑
s,j
bjscjtr(ϕ0ϕs) = (4n+ 2)(4n + 3)−
3
2
(a− tr(B))2 − 3n
(
‖B‖2 + ‖c‖2
)
.

With this information, we can characterize which of our 3-Sasakian homogeneous manifolds
admit invariant Einstein with skew torsion connections, and describe such connections ∇ in
terms of the coefficients a ∈ R, B = (brs) ∈ M3(R) and c ∈ R
3 in (39).
On one hand, as already stated, any 3-Sasakian manifold (M4n+3, g) is Einstein with Ricg =
2(2n + 1)g. Therefore, by (5), the symmetrized of Ric∇ is a multiple of the metric g if, and
only if, the corresponding tensor S is so. On the other hand, the scalar curvature s∇ is a
constant for every affine connection in (39). Hence, given ∇ an invariant Einstein with skew
torsion connection on the homogeneous 3-Sasakian manifold M = G/H, there should exist
λ ∈ R such that S = λg. Now, the identities (3) and (5) imply that the tensor S corresponding
with such connection ∇ satisfies
S = 4
(
2(2n + 1)−
s∇
4n+ 3
)
g.
By substituting here the expression of s∇ provided by Proposition 5.4 iii) (keep in mind that
for convenience we are assuming c = 0 whenever G 6= SU(m)), we get
(41) λ =
6 (a− tr(B))2 + 12n(‖B‖2 + ‖c‖2)
4n+ 3
.
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A direct computation with the expression of S provided by Proposition 5.4 i) gives
(42) 3λ =
3∑
i=1
S(ξi, ξi) = 6 (a− tr(B))
2 + 4n(‖B‖2 + ‖c‖2).
From (41) and (42), we deduce that every Einstein with skew torsion invariant affine connection
∇ on the homogeneous 3-Sasakian manifold M4n+3 = G/H satisfies
(43) 3 (a− tr(B))2 + (2n − 3)(‖B‖2 + ‖c‖2) = 0.
This forces either a = 0, B = 0, c = 0 (Levi-Civita connection) or 2n − 3 ≤ 0, so that n = 1,
in other words, dimM = 7.
Now, we assume dimM = 7 and 3 (a− tr(B))2 = ‖B‖2 + ‖c‖2. By Proposition 5.4 iii),
Sym(Ric∇) =
(
6− 12(‖B‖
2 + ‖c‖2)
)
g. Next, we use the formula of Sym(Ric∇) in Proposi-
tion 5.4 ii), where we insert (ξi, ξk), obtaining
∑
s bisbks + cick =
1
3 (‖B‖
2 + ‖c‖2)δik, so that
(44) BBt + cct =
1
3
(‖B‖2 + ‖c‖2)I3.
By inserting X,Y horizontal, we get ctB = 0. Conversely, these conditions (that is, n = 1,
(43), (44) and ctB = 0) imply that Sym(Ric∇) = s
∇
7 g, as a direct application of Proposi-
tion 5.4 ii). We summarize these arguments in the following theorem.
Theorem 5.5. Let M = G/H be a 3-Sasakian homogeneous manifold of dimension at least
7.
i) IfM admits a nontrivial G-invariant affine Einstein with skew torsion connection, then
dimM = 7, that is, either M = Sp(2)/Sp(1) ∼= S7, or M = Sp(2)/(Sp(1)×Z2) ∼= RP
7,
or M = SU(3)/S(U(1) × U(1)) = SU(3)/U(1) is the Aloff-Wallach space W71,1.
ii) There is a bijective correspondence between the Lie group Z2 × CO(3) and the set of
nontrivial Sp(2)-invariant affine Einstein with skew torsion connections on M = S7,
given by
(45) (±1, B = (brs)) 7→ ∇
g +
1
2
(tr(B)±√‖B‖2
3
)
T o +
3∑
r,s=1
brsT
rs
 .
In addition, s∇ = 42− 72‖B‖
2. This also holds for the projective space M = RP 7.
iii) There is a bijective correspondence between the set of nontrivial SU(3)-invariant Ein-
stein with skew torsion affine connections on M = W71,1 and the set
Z2 × {(c,B) ∈ R
3 ×M3(R) : BB
t + cct ∈ RI3, c
tB = 0},
given by
(46)
(
± 1, c = (cl), B = (brs)
)
7→ ∇g +
1
2
a±T
o +
1
2
∑
r,s
brsT
rs +
1
2
∑
l
clT
l0,
where a± = tr(B)±
√
‖B‖2+‖c‖2
3 . Moreover, s
∇ = 42− 72 (‖B‖
2 + ‖c‖2).
Remark 5.6. A relevant fact is that, for an arbitrary 3-Sasakian manifold of dimension 7,
any affine connection as in (45) is Einstein with skew torsion. Thus, the homogeneity is only
required to assure that the list is complete. 
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In Theorem 5.5, among the Einstein with skew torsion invariant affine connections, the
scalar curvature s∇ equals zero if, and only if, ‖B‖2+ ‖c‖2 = 12. Also, Sym(Ric∇) is positive
definite (resp. negative definite) when ‖B‖2+ ‖c‖2 < 12 (resp. >). We are including here the
cases S7 and RP 7, with c = 0.
Note that the set of Einstein with skew torsion invariant connections in the Aloff-Wallach
space W71,1 contains strictly Z2 × CO(3). For instance, we can take the nonzero vector c =
(1, 0, 0)t and the noninvertible matrix B =
(
0 0 0
cos θ − sin θ 0
− sin θ − cos θ 0
)
. Indeed, ctB = 0 and BBt +
cct = I3.
Remark 5.7. Formulae (45) and (46) are given in terms of an arbitrary choice of three
Sasakian compatible structures {ξi, ηi, ϕi}i=1,2,3 in S = {ξτ , ητ , ϕτ}τ∈S2 . Given a second
choice {ξ′i, η
′
i, ϕ
′
i}i=1,2,3 in S such that g(ξ
′
i, ξ
′
j) = δij and [ξ
′
i, ξ
′
j] = 2ǫijkξ
′
k, the first condition
is equivalent to the fact that the change of basis given by ξ′i =
∑
j pijξj is an orthogonal
transformation, that is, P = (pij) ∈ O(3). The second condition is equivalent to det(P ) = 1.
Thus a 3-Sasakian structure determines implicitly an orientation on the vertical distribution,
and we have a natural action of the special orthogonal group SO(3) on the set of compatible
triplets of Sasakian structures.
If we write a torsion T = aT o +
∑3
r,s=1 brsT
rs +
∑3
l=1 clT
l0 = a′T ′o +
∑3
r,s=1 b
′
rsT
′rs
+
∑3
l=1 c
′
lT
′l0, by a straightforward computation, we see that
a′ = det(P )a = a, B′ = PBP−1, c′ = Pc.
This implies that the sets of Einstein with skew torsion affine connections on S7 (RP 7) and
W71,1 in Theorem 5.5 should be invariant under the actions P · (s,B) = (s, PBP
−1) ∈ Z2 ×
CO(3) and P · (s, c,B) = (s, Pc, PBP−1), respectively. This holds trivially, but we point
it out because it gives a clue to understand the great amount of connections in (45) and
(46), which is a little bit surprising initially. Other properties which will be invariant under
the SO(3)-action, that is, independent of the choice of three Sasakian compatible structures,
are the symmetry of the Ricci tensor (Section 5.3) and the condition of having parallel skew
torsion (Section 5.6). 
Remark 5.8. Many reported connections fit in the set described in Theorem 5.5. We mention
some of these examples to serve as a link with the existent literature.
i) Recall from [3] the existence of metric connections with skew torsion and parallel
spinors in any 3-Sasakian manifold in dimension 7, whose holonomy group is a sub-
group of G2. There, the connections were identified via G2-geometry. Observe now
that there is a possible choice of such connections in the family (45). Indeed, Agricola
and Friedrich found in [3, Theorem 9.1 and Proposition 9.1] a family of metric connec-
tions ∇T with skew torsion T = −16T
0 +
∑3
r,s=1 brsT
rs which admit parallel spinors
when the matrix B satisfies
B = ρ
a2 − b2 − c2 + d2 2(ab+ cd) 2(ac − bd)2(ab− cd) −a2 + b2 − c2 + d2 2(bc + ad)
2(ac+ bd) 2(bc− ad) −a2 − b2 + c2 + d2
 ,
ρ = 16(a2+b2+c2+d2) , for certain a, b, c, d. A direct computation shows that B ∈ CO(3)
with ‖B‖2 = 1/12. Hence tr(B) ± 16 = −
1
6 has solution if either a
2 + b2 + c2 = 3d2
or 3(a2 + b2 + c2) = d2. Therefore, from Theorem 5.5 and [3, Theorem 9.1 and
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Proposition 9.1], every 3-Sasakian manifold M of dimension 7 possesses Einstein with
skew torsion affine connections with parallel spinors.
ii) On the other hand, a two-parametric family of metrics on the Aloff-Wallach space
W71,1 is introduced in [3, Section 8]. The particular case s = 1 and y = 2 is just the
3-Sasakian metric on W71,1. The seminal paper [2] includes some examples of Einstein
with skew torsion affine connections for the 3-Sasakian metric on W71,1. They are
denoted ∇3,∇4 and ∇6 in [3, Section 8] with s = 1 and y = 2. Following the notation
of Theorem 5.5, it is not difficult to check that these Einstein with skew torsion affine
connections correspond to(
− 1, c = 0, B = 16
0 −1 01 0 0
0 0 −1
) 7→ ∇3,
(
− 1, c = 0, B = 16
 0 1 0−1 0 0
0 0 −1
) 7→ ∇4,
(
− 1, c = 0, B = 16
 0 1 0−1 0 0
0 0 1
) 7→ ∇6.
In particular, all three scalar curvatures of∇3,∇4, and∇6 are equal to s∇ = 7
(
6− 124
)
.
iii) Einstein with skew torsion invariant connections on S7 have been studied in [18] and
[22], where the sphere has been regarded as S7 ∼= Spin(7)/G2 and S
7 ∼= SU(4)/SU(3),
respectively. Since Sp(2) ⊂ SU(4) ⊂ Spin(7), those connections should appear in our
list. According to these works, the torsion of any nontrivial SU(4)-invariant Einstein
with skew torsion connection4 is
ω
∇
= r η1 ∧ dη1 +Re(q) (η2 ∧ dη2 − η3 ∧ dη3)− Im(q) (η2 ∧ dη3 + η3 ∧ dη2) ,
for 0 6= r ∈ R and q ∈ C such that |q|2 = r2. Moreover, it is Spin(7)-invariant if, and
only if, q = −r. That is, there is θ ∈ [0, 2π) (q = reiθ) such that they correspond to
the following pairs (s,B) in Z2 × CO(3):
(47)
(
s = −1, B = 2r
 1 0 00 cos θ − sin θ
0 − sin θ − cos θ
) and (s = −1, B = 2r
 1 0 00 −1 0
0 0 1
)
respectively. Bearing in mind Remark 5.7 about the special orthogonal group and
its action on the set of Einstein with skew torsion Sp(2)-invariant affine connections,
this means that any SU(4) = Spin(6)-invariant Einstein connection on S7 is Spin(7)-
invariant for a convenient choice of {ξi, ηi, ϕi}
3
i=1.
iv) Also, the canonical G2-structure on S
7 studied in [4] is given by
(48) ω
G2
=
1
2
(η1 ∧ dη1 + η2 ∧ dη2 + η3 ∧ dη3) + 4η1 ∧ η2 ∧ η3,
so that ω
G2
corresponds to (s,B) = (+1, I3) in (45). In particular, the affine connection
with torsion ω
G2
is Einstein with skew torsion.
4Be aware that the expression of ω
∇
on the preliminar version arXiv:1503.08401v1 have a wrong coefficient
1
2
, corrected in the version [22].
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On the other hand, there exists a unique affine connection with skew torsion pre-
serving such G2-structure (the characteristic connection of the G2-structure) whose
associated torsion 3-form is given by
η1 ∧ dη1 + η2 ∧ dη2 + η3 ∧ dη3.
The corresponding affine connection was generalized to arbitrary dimension in [5],
where is called the canonical connection of the 3-Sasakian manifold (see Remark 5.17).
We will denote it by ∇c. As it does not correspond to any choice of (s,B) in Theo-
rem 5.5, then ∇c is not an Einstein with skew torsion affine connection. In spite of
this fact, ∇c plays a special role in any 3-Sasakian manifold (arbitrary dimension), as
Theorem 5.20 shows.

We think that further study of the orbits under the action given in Remark 5.7, different
from those ones in (47), could be convenient. In fact, their representatives could behave rather
differently. If we denote by Rθ the rotation Rθ =
(
cos θ − sin θ
sin θ cos θ
)
, the orbits of Z2×CO(3) under
the SO(3)-action are precisely{
(s, r
(
1 0
0 Rθ
)
), (s, r
(
−1 0
0 Rθ
)
) : s = ±1, r ∈ R, r > 0, θ ∈ [0, 2π)
}
,
where r has been taken positive to avoid duplicity of the orbits. The orbits which have already
appeared in (47) are (−1, r
(
−1 0
0 R0
)
) and (−1, r
(
1 0
0 Rpi
)
), and, as mentioned, (1,
(
1 0
0 R0
)
) in
(48).
Coming back to the Aloff-Wallach space and its extra Einstein with skew torsion invariant
connections, that is, those ones with c 6= 0, we can assume that c = (r, 0, 0)t, r > 0, due to
the action of the special orthogonal group. Now, the first row of B is equal to zero, and the
two others can be any pair of orthogonal vectors in R3 of length r. So B is determined by an
element in the Stiefel manifold V3,2.
Remark 5.9. Recall that there is a canonical way to associate a Lorentzian metric with any
Sasakian manifold, [10, 11.8.1]. If (ξ, η, ϕ) is a Sasakian structure on a Riemannian manifold
(M,g), define gL = g − 2η ⊗ η. This metric was considered on the sphere S
2n+1 in [23],
where it was proved that there exist SU(n+1)-invariant connections which are Einstein with
skew torsion only for dimensions 3 and 7. According to [23] (respectively [22]), the set of
SU(4) = Spin(6)-invariant connections which are Einstein with skew torsion on (S7, gL) (resp.
(S7, g)) is parametrized by an ellipsoid (resp. by a cone). Obviously, the set of Sp(2)-invariant
connections must contain the set of SU(4)-invariant connections, so that it arises the natural
question of finding the whole set, in a similar way to Theorem 5.5. It is not difficult to
prove that the set of Sp(2)-invariant Einstein with skew torsion connections on (S7, gL) is
parametrized by the group Z2 × CO(2, 1), where
CO(2, 1) = {A ∈M3(R) : AHA
t ∈ RH, det(A) 6= 0}, H =
(
−1 0
0 I2
)
.
Here we are considering gL = g − 2ητ ⊗ ητ for any fixed τ ∈ S
2. 
5.3. On the Symmetry of the Ricci Tensor. We study the symmetry of the Ricci tensors
corresponding to our families of affine connections with skew-symmetric torsion. In fact, from
(5), the Ricci tensor of ∇ is symmetric just when the divergence of the torsion tensor of ∇
vanishes.
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Proposition 5.10. The divergences of the torsion tensors defined in (37) are:
div(T o) = 0, div(T rs) =

0 if s ∈ {r, 0},
2Φr+2 + (4n+ 2)ηr ∧ ηr+1 if s = r + 1,
−2Φr+1 + (4n + 2)ηr ∧ ηr+2 if s = r + 2.
In particular, the tensor T = aT o+
∑3
r,s=1 brsT
rs+
∑
r crT
r0 has zero divergence if, and only
if, B = (brs) is a symmetric matrix.
Proof. Given a point p ∈ M , let us consider an orthonormal local frame (e1, . . . , e4n+3) at p
such that
(
∇geiej
)
p
= 0. For X,Y ∈ X(M), recall that
div(T )(X,Y ) =
4n+3∑
k=1
g
(
ek,
(
∇gekT
)
(X,Y )
)
.
Since this is a tensorial expression, we reduce the computation to
div(T )p(ei, ej) =
4n+3∑
k=1
gp
(
ek,∇
g
ek
T (ei, ej)
)
.
We will not write down the point for the sake of simplicity. We start with the computation of
div(T rs), for r, s ∈ {1, 2, 3}. First,∑
k
g
(
ek,∇
g
ek
(ηr(ej)ϕsei)
)
=
∑
k
[
g
(
∇gekξr, ej
)
g (ek, ϕsei) + ηr(ej)g
(
ek,
(
∇gekϕs
)
ei
)]
=
∑
k
[
−g (ϕrek, ej) g (ek, ϕsei) + ηr(ej)g
(
ek, g(ek, ei)ξs − ηs(ei)ek
)]
= g(ϕrej , ϕsei) + ηr(ej) (g(ei, ξs)− (4n + 3)ηs(ei))
= g(ϕrej , ϕsei)− (4n + 2)ηr(ej)ηs(ei).
Next, ∑
k
g
(
ek,∇
g
ek
(g(ei, ϕsej)ξr)
)
=
∑
k
[
g
(
ei,
(
∇gekϕs
)
ej
)
g(ek, ξr) + g(ei, ϕsej)g
(
ek,∇
g
ek
ξr
)]
= g(ei,
(
∇g∑
k g(ek,ξr)ek
ϕs
)
ej) + g(ei, ϕsej)div(ξr) = g(ei,
(
∇gξrϕs
)
ej)
= ηs(ei)ηr(ej)− ηs(ej)ηr(ei) = ηs ∧ ηr(ei, ej).
By joining the information, we get
div(T rs)(ei, ej) =
∑
k
g
(
ek,∇
g
ek
(−ηr(ei)ϕsej + ηr(ej)ϕsei + g(ei, ϕsej)ξr)
)
= g(ei, (ϕrϕs − ϕsϕr)ej) + (4n + 1)ηr ∧ ηs(ei, ej).
From here, it is trivial that div(T rr) = 0. Also, as [ϕr, ϕr+1] = 2ϕr+2 − ηr ⊗ ξr+1 + ηr+1 ⊗ ξr,
then
div(T r r+1)(ei, ej) = 2Φr+2(ei, ej) + (4n + 2)ηr ∧ ηr+1(ei, ej).
Analogously, we obtain the required expression for div(T r,r+2).
40 C. DRAPER, F. J. PALOMO, AND M. ORTEGA
Next, we compute div(T o) in some steps. As T o(X,U) = 0 for any X,U ∈ X(M) whenever
X is horizontal, then div(T o)(X,Y ) = 0 when X,Y are horizontal. Also, the compatibility
with the metric implies g (ξl,∇
g
ekX) = −g (∇
g
ekξl,X) = g (ϕlek,X) = −g (ϕlX, ek), so that
div(T o)(X, ξi) = −
∑
k
g
(
ek, T
o(∇gekX, ξi)
)
=
∑
k
g
(
T o (ek, ξi) ,∇
g
ek
X
)
=
∑
k,l
g (T o (ek, ξi) , ξl) g
(
ξl,∇
g
ek
X
)
= −
∑
k,l
g (T o (ξi, ξl) , ek) g (ϕlX, ek) = 0,
since
∑
l g (T
o (ξi, ξl) , ϕlX) ∈ g(Q
⊥, Q) = 0. For the last step, consider a local orthonormal
frame {ek}
4n+3
k=1 such that ek = ξk, k = 1, 2, 3. Recall that ηi(ek) = 0 for k ≥ 4. As
div(T o(ξi, ξj)) = 0, we get
div(T o)(ξi, ξj) = −
4n+3∑
k=1
[
η1 ∧ η2 ∧ η3(∇
g
ek
ξi, ξj , ek) + η1 ∧ η2 ∧ η3(ξi,∇
g
ek
ξj, ek)
]
=
3∑
k=1
[η1 ∧ η2 ∧ η3(ϕiξk, ξj , ξk) + η1 ∧ η2 ∧ η3(ξi, ϕjξk, ξk)]
= 2g(ξi+1 × ξi+2, ξj)− 2g(ξj+1 × ξj+2, ξi) = 2g(ξi, ξj)− 2g(ξj , ξi) = 0.
Finally, in order to prove that div(T r0) = 0, r = 1, 2, 3, we apply the algebraical tools in
Section 3 to obtain the covariant derivative of the torsion T r0. Lemma 3.3 allows to work
algebraically, by using the bilinear map αg related to the Levi-Civita connection obtained
in (16). Again, {ek}
4n+3
k=1 denotes an orthonormal basis of m = ToM such that ξk = ek for
k = 1, 2, 3. It is very simple to see (∇gξkT
r0)(ξi, ξj) = 0. Also, given X,Y,Z ∈ m horizontal
vectors, we compute
(∇gXT
r0)(ξi, ξj) = α
g(X, 0) − T r0([X, ξi], ξj)− T
r0(ξi, [X, ξj ])
= −δrjϕ0([X, ξi]) + δriϕ0([X, ξj ]) = δrjϕ0ϕiX − δriϕ0ϕjX,
div(T r0)(ξi, ξj) =
∑
k
g(ek, (∇
g
ek
T r0)(ξi, ξj)) = tr(δrjϕ0ϕi − δriϕ0ϕj) = 0.
Second, we have
(∇gXT
r0)(Y, ξj) =
1
2δrj [X,ϕ0Y ]m + g(Y, ϕ0ϕj(X))ξr ,
(∇gξkT
r0)(Y, ξj) = −
1
2T
r0(Y, [ξk, ξj ]) = −εkjsT
r0(Y, ξs) ∈ Q,
so, as ϕ0Y is horizontal and ad(Q) interchanges Q and Q
⊥, then
div(T r0)(Y, ξj) =
∑4n+3
k=4
1
2g(ek, δrj [ek, ϕ0Y ]m) ∈ g(Q,Q
⊥) = 0.
Third, we see T r0(αg(X,Y ), Z) = 12
∑
i g([X,Y ]m, ξi)T
r0(ξi, Z) = −
1
2g([X,Y ]m, ξr)ϕ0(Z) =
Φr(X,Y )ϕ0Z, which gives
(∇gXT
r0)(Y,Z) = −Φ0(Y,Z)ϕrX − Φr(X,Y )ϕ0Z +Φr(X,Z)ϕ0Y,
(∇gξkT
r0)(Y,Z) = 12Φ0(Y,Z)[ξk, ξr] = εkrsΦ0(Y,Z)ξs,
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and since ϕ0 commutes with ϕr, and these maps have zero trace, then
div(T r0)(Y,Z) =
∑4n+3
k=4 g
(
ek,−Φ0(Y,Z)ϕrek − Φr(ek, Y )ϕ0Z +Φr(ek, Z)ϕ0Y
)
= −Φ0(Y,Z) trϕr −
∑
k g(ek, ϕrY )g(ek , ϕ0Z) + g(ϕrZ,ϕ0Y )
= g(Y, (ϕrϕ0 − ϕ0ϕr)Z) = 0.
Bearing all this in mind, the divergence of T = aT o+
∑3
r,s=1 brsT
rs+
∑
r crT
r0 is zero if, and
only if, B is symmetric, because {ηr ∧ ηr+1,Φr : r = 1, 2, 3} is a linearly independent set. 
These results are coherent with [22, Remark 5.16], where the divergences of the SU(4)-
invariant skew-symmetric torsions are studied. But of course, there is much more generality
here.
Corollary 5.11. The invariant connection ∇ = ∇g + aT o +
∑3
r,s=1 brsT
rs +
∑3
l=1 clT
l0 has
symmetric Ricci tensor if, and only if, B = (brs) is a symmetric matrix.
5.4. S-Einstein affine connections. Our aim is to analyse whether there are connections
such that their Ricci tensors are multiple of the metric both in the horizontal and vertical
distributions, but in general with different parameters. The following notion is clearly indebted
to the notion of η-Einstein as in [10, Definition 11.1.1].
Definition 5.12. If S = {ξτ , ητ , ϕτ}τ∈S2 is a 3-Sasakian structure on (M,g), we will say that
a (metric) affine connection with skew torsion ∇ is S-Einstein if there are constants α, β ∈ R
such that
Ric∇ = αg + β
3∑
k=1
ηk ⊗ ηk.
Surprisingly, there is a big amount of such connections in every 3-Sasakian manifold.
Theorem 5.13. Let (M = G/H, g) be a homogeneous 3-Sasakian manifold with a 3-Sasakian
structure S, being dimM ≥ 7.
i) If G 6= SU(m), any nontrivial S-Einstein G-invariant affine connection on M is given by
∇g +
1
2
aT o + 3∑
r,s=1
brsT
rs
 ,
for a ∈ R and B ∈ CO(3) such that B = Bt.
ii) If G = SU(m), any S-Einstein G-invariant affine connection on M is given by
∇g +
1
2
aT o + 3∑
r,s=1
brsT
rs +
3∑
l=1
clT
l0
 ,
for a ∈ R, B ∈ M3(R) and c ∈ R
3 such that
(49) B = Bt, BBt + cct ∈ RI3, c
tB = 0.
Proof. Take T = aT o +
∑3
r,s=1 brsT
rs +
∑
l clT
l0 a skew-symmetric torsion related to a S-
Einstein invariant affine S-Einstein connection on M . We denote cl = 0 if G 6= SU(m).
First, the Ricci tensor must be symmetric, so that B = (brs) is a symmetric matrix by
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Corollary 5.11. As M is Einstein (in the usual sense), the S-Einstein condition can be written
as S = λg+β
∑
k ηk⊗ ηk for some scalars λ, β ∈ R. For vertical vectors, Proposition 5.4 gives
(λ+ β)δij = S(ξi, ξj) = 2(a− tr(B))
2δij + 4n(
∑3
s=1 bisbjs + cicj),
so that cct +BBt = 2(a−tr(B))
2−λ−β
−4n I3. But, if X,Y are horizontal, the identity
λg(X,Y ) = S(X,Y ) = g
(
X, 2(‖B‖2 + ‖c‖2)Y − 4
∑3
s,j=1 bjscjϕ0ϕsY
)
,
jointly with the nondegeneracy of g and the linear independence of {ϕs}
3
s=0, imply λ =
2(‖B‖2 + ‖c‖2) and
∑3
s,j=1 bjscj = 0, that is, c
tB = 0. The obtained conditions are of course
sufficient. 
Observe that the set described in Eq. (49) includes c = 0, B ∈ CO(3), B = Bt. Besides,
for c 6= 0, condition (49) forces ‖B‖2 = 2‖c‖2, BBt + cct = ‖c‖2I3 and det(B) = 0.
Again, we emphasize that the homogeneity is only necessary to guarantee that the found
set is the whole set of invariant S-Einstein affine connections. But the connections on Theo-
rem 5.13 i) are S-Einstein affine connections in any 3-Sasakian manifold of dimension strictly
bigger than 3.
The obtained set of invariant S-Einstein connections is invariant for the SO(3)-action de-
scribed in Remark 5.7. We expected this fact, because Definition 5.12 does not depend on the
choice of the three compatible Sasakian structures.
5.5. A Distinguished Connection. Recall again the importance of the connections with
skew torsion on Sasakian manifolds (Remark 2.2), due to the fact that the Levi-Civita connec-
tion does not parallelize the Reeb vector fields, while there are connections with skew torsion
which do it. We would like to give an answer to the question of finding a connection that
parallelizes all Reeb vector fields.
Theorem 5.14. Let (M,g) be a 3-Sasakian manifold of dimension at least 7, with a 3-Sasakian
structure S = {ξτ , ητ , ϕτ}τ∈S2 . There exists an affine connection with skew torsion ∇
S on M
satisfying
∇Sξτ = 0
for any τ ∈ S2, whose torsion is given by
T∇
S
= 4T o + 2
3∑
r=1
T rr.
The above connection ∇S is:
• Einstein with skew torsion, with symmetric Ricci tensor, if dimM = 7;
• S-Einstein for arbitrary dimension.
Furthermore, if M = G/H is homogeneous, this is the unique G-invariant affine connection
with skew torsion satisfying that every ξτ is parallel.
Proof. Let ∇ be the affine connection on M = G/H given by (39), where c = 0 when
G 6= SU(m), m ≥ 3. Using Eq. (40), we get, for a horizontal vector field X ∈ Q,
(50) ∇Xξi = −ϕiX +
1
2
(
3∑
s=1
bisϕsX + ciϕ0X
)
.
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Thus, if ∇Xξi = 0 for any i, the linear independence of {ϕs}
3
s=0 gives c = 0 and B = 2I3. By
this,
∇ξi+1ξi = −ϕiξi+1 +
1
2
(
aT o(ξi+1, ξi) +
3∑
r=1
2T rr(ξi+1, ξi)
)
=
(
2−
a
2
)
ξi+2,
which vanishes if, and only if, a = 4. This proves the uniqueness of ∇S in the homogeneous
case. All that remains is clear. 
This connection ∇S does not coincide with any of the connections mentioned in Remark 5.8,
since now (s,B) = (−1, 2I3) ∈ Z2 × CO(3) following the correspondence (45).
It is important to remark that the connection ∇S does not parallelize the endomorphism
fields ϕτ . But in the next Corollary 5.16 we check that ∇
S satisfies the following slightly
weaker condition proposed in [5, Definition 3.1.1] for a larger class of manifolds, the almost
3-contact metric manifolds.
Definition 5.15. Let (M,g, S) be a 3-Sasakian manifold and ϕ = ϕτ for some τ ∈ S
2. A
metric connection with skew torsion ∇ is called a ϕ-compatible connection if
i) ∇XY is horizontal if Y is a horizontal vector field, and is vertical if Y is a vertical
vector field, for any X ∈ X(M);
ii) (∇Xϕ)(Y ) = 0 for any X,Y horizontal vector fields.
On an almost 3-contact metric manifold, the torsion of any ϕ-compatible connection is
determined by γ = ω
∇
(ξ1, ξ2, ξ3), according to [5, Theorem 3.1.1 and Remark 3.1.2]. Our
aim of finding explicit comparisons to the current literature, makes us wonder which of our
invariant affine connections are ϕ-compatible.
Corollary 5.16. Let ∇ = ∇g+ 12
(
aT o +
∑3
r,s=1 brsT
rs +
∑3
l=1 clT
l0
)
be an affine connection
on a 3-Sasakian homogeneous manifold. Then
a) ∇ is ϕ-compatible for ϕ = ϕτ for some τ ∈ S
2 if and only if B = 2I3 and c = 0. In such
case, γ = ω
∇
(ξ1, ξ2, ξ3) = a− 6. Moreover, all these connections are ϕτ -compatible for
any τ ∈ S2 and are S-Einstein too.
b) If dimM = 7, ∇ is ϕ-compatible for ϕ = ϕτ for some τ ∈ S
2 and Einstein with skew
torsion if and only if a ∈ {4, 8}, B = 2I3 and c = 0. The first connection is ∇
S and
the second one has torsion 3-form equal to
ω = 2ω
G2
= (η1 ∧ dη1 + η2 ∧ dη2 + η3 ∧ dη3) + 8η1 ∧ η2 ∧ η3,
which is a G2-structure on M (compare with (48)).
Proof. For a horizontal vector field X, by (50), ∇Xξi is horizontal too. If our connection
∇ satisfies condition i) in the above definition, then ∇Xξi = 0. Hence, as in the previous
proof, c = 0 and B = 2I3. Now a) is easily achieved. For b) we use Theorem 5.5, so that
a = tr(B)±
√
‖B‖2/3 = 6± 2 ∈ {4, 8}. 
Remark 5.17. The above results agree with [5]. Indeed, following its notation, we can apply
[5, Proposition 3.2.2] (α = δ = 1) to any 3-Sasakian homogeneous manifold M , so that
M admits ϕ-compatible connections such that ∇Xξi = 0 for γ = −2. We can identify a
relevant affine connection in that paper, called the canonical connection. According to [5,
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Theorem 4.1.1], the canonical connection is the (metric) affine connection with skew torsion
characterized by
(51) ∇Xϕi = β(ηi+2(X)ϕi+1 − ηi+1(X)ϕi+2)
for the Reeb Killing function β. In fact, ∇ is ϕ-compatible. Let us check that this canonical
connection coincides with ∇c in Remark 5.8 iv), whose torsion is
ωc =
3∑
i=1
ηi ∧ dηi.
According to the uniqueness, it is enough to check that ∇c satisfies Eq. (51). Instead, we are
checking that, if∇ is an invariant ϕ-compatible connection satisfying Eq. (51), then necessarily
∇ = ∇c. First, ∇ has the form (39) with B = 2I3 and c = 0, as above. On one hand, with
the help of (40),
∇gξi+1ϕi(Y ) = ηi+1(Y )ξi − ηi(Y )ξi+1 = ϕi+2(−Y
v),
T o(ξi+1, ϕi(Y ))− ϕi(T
o(ξi+1, Y )) = ϕi+2(−Y
v),
T rr(ξi+1, ϕi(Y ))− ϕi(T
rr(ξi+1, Y )) = ϕi+2(Y
v + 2δr,i+1Y
h),
for any r = 1, 2, 3 and Y v and Y h the vertical and horizontal projection of any vector field Y .
Hence ∇ξi+1ϕi(Y ) = (−1−
a
2 + 3)ϕi+2(Y ) if Y is vertical, while ∇ξi+1ϕi(Y ) = 2ϕi+2(Y ) if Y
is horizontal. On the other hand, (51) gives ∇ξi+1ϕi = −βϕi+2. Hence 2 = −β = −1−
a
2 + 3
and a = 0, that is, ∇ = ∇c. 
Thus, the results in Corollary 5.16 a) say that an invariant affine connection with skew
torsion, ∇, on a 3-Sasakian homogeneous manifold is ϕ-compatible if and only if T∇− T∇
c
∈
RT o.
Observe that, although the different ways of distinguishing an affine connection well adapted
to the 3-Sasakian structure have led to different connections, there are a few candidates which
appear frequently. For instance, ∇c is not an Einstein with skew torsion connection, but
∇cT∇
c
= 0 and it also satisfies Eq. (51). All of these persistent affine connections turn to be
invariant metric with skew torsion (and S-Einstein) connections in the homogeneous case.
Remark 5.18. More general metric connections on 3-Sasakian manifolds with totally skew-
symmetric torsion only for tangent vectors in the horizontal distribution have been proposed in
[13]. From (40), it is a direct computation that the torsion tensor T∇
S
given in Theorem 5.14
satisfies, for any X,Y horizontal vector fields,
T∇
S
(X,Y ) = 2
∑3
r=1Φr(X,Y )ξr, T
∇S(X, ξi) = 4ϕi(X),
T∇
S
(ξi, ξi+1) = 2ξi × ξi+1 − 4ξi+2 = −2ξi+2.
This means that ∇S does not satisfy the conditions in [13, Definition 4.1]. In fact, it can be
checked that none of the invariant affine connections in (39) does it. 
5.6. Parallel torsions. This subsection is devoted to the invariant affine connections on 3-
Sasakian manifolds with parallel skew-symmetric torsion. Some examples of invariant affine
connections with nonzero parallel skew torsion on 3-Sasakian manifolds have previously ap-
peared. Namely, ∇chτ in Remark 2.2 and ∇
c in Remark 5.8. There is also a family of such
connections on the sphere S7, recently found in [22, Remark 5.16]. Next we will prove that
there exists a similar family in the Aloff-Wallach space W71,1 too, and that these examples
essentially exhaust the invariant examples on the homogeneous 3-Sasakian manifolds.
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Lemma 5.19. Given X,Y,Z ∈ m,
(a) (∇XT )(Y,Z) = (∇
g
XT )(Y,Z) +
T (X,T (Y,Z)) + T (Y, T (Z,X)) + T (Z, T (X,Y ))
2
.
(b) For X,Z ∈ g1, ηr([X,Z]m) = 2g(ϕrX,Z).
Proof. Firstly, given X,Y,Z ∈ m,
(∇XT )(Y,Z) = ∇XT (Y,Z)− T (∇XY,Z)− T (Y,∇XZ)
= ∇gXT (Y,Z) +
1
2
T (X,T (Y,Z))− T (∇gXY,Z)−
1
2
T (T (X,Y ), Z)− T (Y,∇gXZ)
−
1
2
T (Y, T (X,Z))
= (∇gXT )(Y,Z) +
1
2
[T (X,T (Y,Z)) + T (Y, T (Z,X)) + T (Z, T (X,Y ))] .
Secondly, for X,Z ∈ g1, then
ηr([X,Z]m) = g(ξr, [X,Z]) = 2g([ξr,X], Z) = 2g(ϕrX,Z),
by recalling (15) and the associativity of the Killing form κ. 
Theorem 5.20. Given M = G/H a 3-Sasakian homogeneous manifold of dimension at least
7, let ∇ be a G-invariant metric affine connection on M with nonzero skew torsion T . Then
T is parallel with respect to ∇, i. e. ∇T = 0 if, and only if, ∇ is one of the following:
i) The canonical connection of the 3-Sasakian manifold, that is, the one with torsion
ωc =
∑
i ηi ∧ dηi;
ii) The characteristic connection of one of the involved Sasakian structures, that is, the
one with torsion ωchτ = ητ ∧ dητ for some τ ∈ S
2;
and, under the additional assumption dimM = 7, also
iii) The connection with associated torsion
(52) ω
∇
=
1
3
(ητ1 ∧ dητ1 + ητ2 ∧ dητ2 − ητ3 ∧ dητ3) ,
for some positively oriented orthonormal basis {τ1, τ2, τ3} of R
3.
Proof. We choose any of the torsions in (38), or (39), T = aT o+
∑3
r=1,s=0 brsT
rs, and construct
the corresponding invariant affine connection ∇ = ∇g+ 12T . (We substitute cl by bl0 to simplify
the notation.) We have to prove that, if ∇T = 0, then a = 0, c = (b10, b20, b30)
t = 0, the
matrix 0 6= B = (brs) ∈ M3(R) is symmetric, and either:
(i) B = 2I3;
(ii) B = P diag{2, 0, 0}P t for some P ∈ SO(3);
(iii) dimM = 7, and B = 23P diag{1, 1,−1}P
t for some P ∈ SO(3).
The symmetry of B is consequence of Proposition 5.10, because, as already pointed out,
∇T = 0 implies div(T ) = 0. From now, until the end of the proof, X,Y,Z ∈ g1.
The second term of the formula of item (a), Lemma 5.19, is a cyclic sum, so that
(53) 0 = (∇XT )(Y, ξk)− (∇ξkT )(X,Y ) = (∇
g
XT )(Y, ξk)− (∇
g
ξk
T )(X,Y ).
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We develop the following expressions by using Lemma 3.3.
◦ (∇gXT
o)(Y, ξk) = α
g(X,T o(Y, ξk))− T
o(αg(X,Y ), ξk)− T
o(X,αg(Y, ξk))
= −12T
o([X,Y ]m, ξk)− T
o(X, [Y, ξk]m) =
1
4 [[X,Y ]m, ξk];
◦ (∇gξkT
o)(X,Y ) = 0;
◦ (∇gXT
rs)(Y, ξk) = δrkα
g(X,ϕsY )−
1
2T
rs([X,Y ]m, ξk) + T
rs(Y, ϕkX)
= δrk2 [X,ϕsY ]m +
δrs
4 [[X,Y ]m, ξk] + Φs(Y, ϕkX)ξr;
◦ (∇gξkT
rs)(X,Y ) = αg(ξk,Φs(X,Y )ξr) =
1
2Φs(X,Y )[ξk, ξr].
Now, we insert them in (53),
0 = a((∇gXT
o)(Y, ξk)− (∇
g
ξk
T o)(X,Y )) +
∑
s≥0,r
brs((∇
g
XT
rs)(Y, ξk)− (∇
g
ξk
T rs)(X,Y ))
=
tr(B)− a
4
[[X,Y ]m, ξk] +
∑
s≥0
bks
2
[X,ϕsY ]m
+
∑
s≥0,r
brsg(X,ϕkϕsY )ξr −
∑
s≥0,r
brs
2
Φs(X,Y )[ξk, ξr].
By applying ηk+1, and remembering that B is symmetric,
0 = (tr(B)− a)g(ϕk+2X,Y )
+
∑
s≥0
[bksg(ϕk+1X,ϕsY ) + bk+1,sg(X,ϕkϕsY ) + bk+2,sΦs(X,Y )]
= g
(
X, (a − tr(B))ϕk+2Y −
∑
s≥0
bksϕk+1ϕsY +
∑
s≥0
bk+1,sϕkϕsY +
∑
s≥0
bk+2,sϕsY
)
= g (X, aϕk+2Y − bk,0ϕk+1ϕ0Y + bk+1,0ϕkϕ0Y + bk+2,0ϕ0Y ) .
Since the restrictions to g1 of the maps ϕk+2, ϕ0, ϕ0ϕk and ϕ0ϕk+1 are linearly independent
in case G = SU(m) (see Eqs. (34) and (35)), then a = 0 = cr for any r = 1, 2, 3 and any G.
Thus, the torsion T =
∑
r,s brsT
rs satisfies
(54)
T (X,Y ) =
∑
r,s≥1 brsg(X,ϕsY )ξr,
T (X, ξk) =
∑
s≥1 bksϕsX,
T (ξk, ξk+1) = − tr(B)ξk+2.
The following step is to prove
(55)
(
tr(B)
2
− 1
)
B2 = det(B)I3.
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To that end, we use g
(
(∇XT )(Y, ξk), ξk+1
)
= 0. First we compute
g
(
ξk+1, T (X,T (Y, ξk)) + T (Y, T (ξk,X)) + T (ξk, T (X,Y ))
)
= −g
(
T (Y, ξk), T (X, ξk+1
)
− g
(
T (ξk,X), T (Y, ξk+1
)
− g
(
T (X,Y ), T (ξk, ξk+1
)
=
∑
r,s
[bkrbk+1,s − bksbk+1,r] g(ϕsY, ϕrX) + tr(B)
∑
s
bk+2,sg(X,ϕsY );
g
(
(∇gXT )(Y, ξk), ξk+1
)
=
1
2
∑
s
bksg(ξk+1, [X,ϕsY ]m) +
1
2
g([X,Y ]m, T (ξk+1, ξk))− g(ξk+1, T (Y,−ϕkX))
=
∑
s
bksg(ϕk+1X,ϕsY ) +
1
2
tr(B)g([X,Y ]m, ξk+2)) +
∑
r,s
brsg(Y, ϕsϕkX)g(ξk+1, ξr)
= −
∑
s
bksg(X,ϕk+1ϕsY )− tr(B)g(X,ϕk+2Y ) +
∑
s
bk+1,sg(X,ϕkϕsY ).
All together, and using again that B is symmetric,
0 = g
(
ξk+1, (∇XT )(Y, ξk)
)
= −
∑
s
bksg(X,ϕk+1ϕsY )− tr(B)g(X,ϕk+2Y ) +
∑
s
bk+1,sg(X,ϕkϕsY )
+
1
2
∑
r,s
[bkrbk+1,s − bksbk+1,r] g(ϕsY, ϕrX) +
tr(B)
2
∑
s
bk+2,sg(X,ϕsY )
= −
∑
s bksg(X,ϕk+1ϕsY )− tr(B)g(X,ϕk+2Y ) +
∑
s bk+1,sg(X,ϕkϕsY )
−
∑
r<s [bkrbk+1,s − bksbk+1,r] g(X,ϕrϕsY ) +
tr(B)
2
∑
s bs,k+2g(X,ϕsY )
=
[(
tr(B)
2 − 1
)
bk,k+2 − bk,k+1bk+1,k+2 + bk,k+2bk+1,k+1
]
Φk(X,Y )
+
[(
tr(B)
2 − 1
)
bk+1,k+2 + bkkbk+1,k+2 − bk,k+2bk,k+1
]
Φk+1(X,Y )
+
[(
tr(B)
2 − 1
)
bk+2,k+2 + b
2
k,k+1 − bkkbk+1,k+1
]
Φk+2(X,Y ).
Since Φ1,Φ2,Φ3 are linearly independent, putting α = tr(B)/2 − 1, then
α bk,k+2 − bk,k+1bk+1,k+2 + bk,k+2bk+1,k+1 = 0
α bk+1,k+2 + bkkbk+1,k+2 − bk,k+2bk,k+1 = 0
α bk+2,k+2 − bkkbk+1,k+1 + b
2
k,k+1 = 0.
By denoting by Adj(B) the adjugate matrix of B, these equations are equivalent to αB −
Adj(B) = 0. By myltiplying both sides of this equation by B, we obtain Eq. (55).
∗ If α = 0, then tr(B) = 2 and Adj(B) = 0. Since all cofactors of order 2 vanish, then
rank(B) ≤ 1. As tr(B) = 2, rank(B) = 1, so that the two eigenvalues of B must be λ1 = 2
and λ2 = 0 (double). As B is symmetric (hence diagonalizable), there is P ∈ SO(3) such that
B = P
2 0 00 0 0
0 0 0
P t,
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and we are in case ii).
∗ If α 6= 0, then B2 = det(B)
α
I3. That is, if ρ :=
det(B)
α
, and for all r, s ∈ {1, 2, 3},
(56)
∑
i
bribis = ρδrs.
Now, let us prove that tr(B) = 3ρ/2. Take X ∈ g1 unit. By (56),
◦ T (X,T (ϕ1X,ϕ2X)) + T (ϕ1X,T (ϕ2X,X)) + T (ϕ2X,T (X,ϕ1X))
= T (X,−
∑
r br3ξr) + T (ϕ1X,
∑
r br2ξr) + T (ϕ2X,−
∑
r br1ξr)
= −
∑
r,s br3brsϕsX +
∑
r,s br2brsϕsϕ1X −
∑
r,s br1brsϕsϕ2X
= −
∑
s ρδ3sϕsX +
∑
s ρδ2sϕsϕ1X −
∑
s ρδ1sϕsϕ2X = −3ρϕ3X;
◦ (∇gXT )(ϕ1X,ϕ2X)
= −
∑
r br3α
g(X, ξr)−
1
2T ([X,ϕ1X]m, ϕ2X)−
1
2T (ϕ1X, [X,ϕ2X]m)
=
∑
r br3ϕrX − T (ξ1, ϕ2X)− T (ϕ1X, ξ2)
=
∑
r br3ϕrX +
∑
s b1sϕsϕ2X −
∑
s b2sϕsϕ1X = tr(B)ϕ3X.
All together, 0 = (∇XT )(ϕ1X,ϕ2X) =
(
tr(B)− 32ρ
)
ϕ3X, and we get tr(B) = 3ρ/2.
Moreover, from αρ = det(B), we obtain α2ρ2 = (det(B))2 = det(B2) = det(ρI3) = ρ
3.
Thus, there are two possibilities, ρ = 0 or ρ = α2 6= 0. In this second case, ρ = α2 =
(tr(B)/2 − 1)2 =
(
3ρ
4 − 1
)2
. The solutions to this equation are uniquely ρ = 4 and ρ = 4/9.
Since B = Bt, there exists P ∈ SO(3) such that B = P diag{λ1, λ2, λ3}P
t, where λi,
i = 1, 2, 3, are the eigenvalues of B. Then ρI3 = B
2 = P diag{λ21, λ
2
2, λ
2
3}P
t, and λ2i = ρ for
all i.
• If ρ = 0, then λi = 0 for all i, so that B = 0 and T = 0, which is not our case.
• If ρ = 4, then λi ∈ {±2}, i = 1, 2, 3. Since
∑
i λi = tr(B) = 3ρ/2 = 6, then the only
possibility is λi = 2 for any i = 1, 2, 3. That is to say, B = 2I3, the case i).
• If ρ = 4/9, then λi ∈ {±2/3}, i = 1, 2, 3. But now,
∑
i λi = tr(B) = 3ρ/2 = 2/3. The
unique possibility is λ1 = 2/3 = λ2 = −λ3 (up to reordering the indices). To finish,
we only have to check that this case iii) is only possible when dimM = 7.
Assume that dimM > 7. We can choose X,Z ∈ g1 such that X is unit, Z 6= 0, and
g(X,Z) = g(X,ϕkZ) = 0 for any k = 1, 2, 3. Next, we compute (∇XT )(ϕkX,Z). In this case,
it holds
[X,Z]m = 2
∑
r
g(ϕrX,Z)ξr = 0, [X,ϕkX]m = 2
∑
r
g(ϕrX,ϕkX)ξr = 2ξk.
Now, by (54), T (X,Z) = 0 = T (ϕkX,Z) and T (X,ϕkX) =
∑
r,s brsg(X,ϕsϕkX)ξr =
−
∑
r brkξr. And, by (56), we get
◦ T (X,T (ϕkX,Z)) + T (ϕkX,T (Z,X)) + T (Z, T (X,ϕkX)) = −
∑
r brkT (Z, ξr)
= −
∑
r brk
∑
s brsϕsZ = −
∑
r,s bkrbrsϕsZ = −
∑
s ρδksϕsZ = −ρϕkZ;
◦ (∇gXT )(ϕkX,Z) = α
g(X,T (ϕkX,Z))− T (α
g(X,ϕkX), Z) − T (ϕkX,α
g(X,Z))
= −12T ([X,ϕkX]m, Z) = T (Z, ξk) =
∑
s bskϕsZ.
Therefore, 0 = (∇XT )(ϕkX,Z) = (
∑
s bskϕs−
ρ
2ϕk)Z for any k = 1, 2, 3. This implies bks = 0
for k 6= s and bkk = ρ/2 for any k = 1, 2, 3. The matrix B becomes B = (ρ/2)I3. But as
B2 = ρI3, then ρ = ρ
2/4. That is, either ρ = 0 or ρ = 4. Thus, the case ρ = 49 is ruled out.
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Conversely, we can check that any of these torsions T is indeed parallel (for the correspond-
ing affine connection ∇ = ∇g + 12T ). The ideas have been already shown, so that these long
but tedious computations are left to the reader. 
Corollary 5.21. Let M = G/H be a 3-Sasakian homogeneous manifold, dimM ≥ 7. Let ∇
be a G-invariant affine connection which is Einstein with nonzero parallel skew torsion. Then,
dimM = 7 and ∇ = ∇g+ 12
∑
r,s brsT
rs, where B = (brs) satisfies B = B
t, I3 6= −
3
2B ∈ SO(3).
Note that the results agree with those ones in the sphere S7 in [22, Remark 5.16], where
the family in Theorem 5.20 iv) appeared from a different approach.
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